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EHP SPECTRA AND PERIODICITY. II: A-ALGEBRA MODELS

BRAYTON GRAY

ABSTRACT. The results of part I suggest that for small m , the Smith-Toda spec-
trum V(m) can be approximated by spaces having universal mapping proper-
ties and interlocking fibrations. For each m, a A-algebra model representing
the Bousfield-Kan E’ term for these spaces is constructed, and all of the ideal
results are proven on the chain level.

INTRODUCTION

The classical EHP sequences fit together to form the EHP spectral sequence.
This filters the stable homotopy groups of spheres by “sphere of origin” and by
its self-referential nature, creates a technology both for calculating homotopy
groups and for analyzing results beyond the range ir which we have a complete
calculation.

In [G] we showed that the sphere spectrum is not the only spectrum with such
a filtration, and gave evidence which suggests that for large enough primes, the
spectrum V' (m), if it exists, should also have EHP sequences.

Constructing the fibrations suggested in [G] will not be an easy task for large
values of m . It is our purpose here to present a A-algebra version of these
EHP sequences in the spirit of Bousfield and Curtis [BC, C]. They describe
short exact sequences of chain complexes:

H: 0—A2n) 5 AQn+1D)E AQrp+1)—0,
H:0—-A2n-1)5A2n) 5 AQnp-1)—0

which induce long exact sequences in homology that correspond to the E! terms
of the unstable Adams spectral sequences for the appropriate homotopy groups.

In addition to the EHP sequences, we produce short exact sequences corre-
sponding to the sequences CMN, RCMN, and E? of [G] which relate adjacent
values of m and establish the connection with periodicity. Thus, in the “world
of ext”, the conjectures in [G] are valid.

Throughout this paper we will be working at a prime p > 2. In 2.3 we define
complexes Ay,)(n) with A_jy(n) = A(n). Our results are then summarized as

Theorem. There are chain complexes Ay (n) defined for n >0 and m > —1
and inclusions Am)(n) C Agmy(n + 1) such that
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~

Aemy = JAm(n) =E(t0, ... , Tw) ® A
n=1

where E(tg, ..., Tm) is the indicated subalgebra of the dual to the Steenrod
algebra. Furthermore there are exact EHP sequences:
H:0 —» Am(2n) 5 Am@n+1) B Apy@up+20mt1-1) = 0,
H:0 » Am@n-1) 5 Apm2n) L Apy(2np-1) -0
and Am(0) is acyclic.

There are also exact sequences:

2
E?: 0= Am2n—1) 5 Apy2n+1) % Apny@np—1) -0,
CMN: 0= AmQ2n+1) 5 Apmeny(2n+1) B Apmy(2n +2p™ 4 1) - 0,
RCMN :0 = Apy(2n+ 1) 3 Apnsy(2n) BB Apmy(2n+ 2™ 1) - 0
corresponding to the double suspension sequence and the Cohen-Moore-
Neisendorfer sequences of [G].
Finally A, is a differential algebra in such a way that
(@) Amy(n)g * Amy(n +0) C Aimy(n),
(b) The connecting homomorphism in the exact sequence CMN can be rep-
resented by a chain map of degree g, = 2(p™ - 1):

Um - A(m_l)(2n +2p" —1)— A(m_,)(Zn -1
such that the diagram
A(,,,_l)(2n +2pm—-1) — A(,,,_l)(Zn +1)
[EZ \ ]El
A(m_l)(Zn +2p™ — 3 A(m_l)(Zn -1)

commutes where the horizontal maps are left composition with an element
Um € A(m—1)(2r +1),, for r>0.

Note that property (a) generalizes a result of Harper and Miller in case m =
—1 [HM, 1.17] and reflects the theory of compositions suggested in [G]. In
property (b) the map v, has degree ¢, and is the algebraic analog of a v,
self-map.

This theorem summarizes the results in 2.3, 3.6, 3.7, 4.1, 4.2, 5.1, 5.2, 6.3,
6.5 and 6.6.

One striking corollary concerns v,, periodic homotopy:

Corollary 5.2.
Vi A1y (21 = 1) Z 05 Aoy (21 + 1) 2 03 (E(To, ..., Tme1) ® A).

This generalizes one of the main results of [HM].

In §7, we introduce the category of unstable right A modules, which we take
to be an approximation to the unstable homotopy category. The properties of
this category reinforce various delooping conjectures of [G].
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In §8, we make explicit, the EHP spectral sequence obtained for calculating
H.(Am)) = Exty(H*(V(m)); Zp) .

1

We begin by recalling the Bousfield-Kan construction [BK]. This is an explicit
chain complex for calculating Ext,4(M*; Z,) where A4 is the mod p Steenrod
algebra and M is a right 4 module. It is obtained by putting a twisted differ-
ential (see 1.4) on the tensor product of M and A, where A is the A algebra.

The A algebra is filtered by A(n) corresponding to the sphere! S”. We will

construct a filtration of the Bousfield-Kan construction M ® A induced by a
filtration on M . A particularly important special case applies to submodules
of A, (the dual of the Steenrod algebra).

Definition 1.1. Let M be a right 4 module. A decreasing filtration F, M will
be called useful if

(a) (FM)P" C F M,

(b) (FkM)B C Fr M,

(c)If (kM — FeyM),B#0, k+r is even.

Example 1.2. Let M = A,, the dual of the Steenrod algebra considered as
a right A module. Let M = @1, -1, A. where the sum is over all se-
quences of integers of length £ and 7; € A, is the standard exterior generator
of dimension 2p’ — 1. Using the comultiplication in A4, one easily sees that
T, P" = €1;,_; where € =1 if n = p'~! and 0 otherwise. Thus a is satisfied.
Likewise &8 =0 and 7;8 =0 if i > 0 while 7o = 1. Thus b is satisfied.
Finally (FxM), = (F ;. M), if k +r is odd, and c is satisfied. This will be
called the Bockstein filtration since the dual filtration of 4 is by the number of
Bocksteins.

Proposition 1.3. If F, M is a useful filtration of M and N C M is a submodule,
the induced filtration on N given by FyN = NN F,M is useful.

This gives a useful filtration on the dual of any cyclic left 4 module. Of
course another useful filtration is obtained by setting Fy M = M for all k.

The Bousfield-Kan construction M ® A provides us with a differential on the
tensor product M ® A. The differential is defined by the formula

(1.4) o(x@v)=(-)M>"xP' @i4v+) xBP @ uv +(-1)*x@dv

i>0 i>0

for x € M and v € A where |x| is the dimension of x.
Suppose now that M has a useful filtration. We define a subspace

M2n-1)cM ® A as follows:
M@2n-1)=J(FM), @ AQn =1+ k +r).
We now define the depth of a useful filtration by the formula:
d(M) = max{2pi — k — r | (FeM),P' # 0}.

In case n is even, A(n) corresponds to the “homotopy theorists even sphere”; i.e., the p — 1
cell complex J,_1(S").
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Proposition 1.5. If 2n — 1 > d(M), M(2n — 1) is a subcomplex.

To prove this we require a result of Harper and Miller [HM, 1.18] which we
will use frequently in the sequel.

Proposition 1.6. The subcomplexes A(n) C A satisfy

AA(n) C A(n — kq) ifn>2pk >0,
wAQn+1)CA@n—kq—1) ifn>pj>0.
Proof of Propositior. 1.5. It suffices to show that if x € (FyM), and v €
A(2n—1+k+r) then x#' ®4A;v and xBP' ® u;v both belong to M(2n—1)
when 2n—1>d(M). Now x#' € (FyM),_i; and

Av e AMARn—1+k+r)CAQn—1+k+r—iq)

by 1.6 if 2n—1+k+r > 2pi > 0. This holds if 2n—1 > d(M). Consequently
XP'@Aiv € M(2n—1). Likewise xfP' € (Fj_ 1 M),_jq—1 and pv € u;A(2n—
l+k+r)CAQ2n—-3+k+r—iq) if k+r is even and n—1+% >pi>0
by 1.6. If k is maximal with x € F;M and xf # 0, k + r must be even by
1.1(c). Finally, since xB € (Fx_1M),_;, (xB)#' # 0 implies that 2n — 1 >
dM)>2pi—(k-1)—(r=1)=2pi—k—-r+2,50 2n-2+k+r > 2pi
completing the proof.

The following result will be proven in the next section.

Proposition 1.7. If M C E(tg, 71,...) C A. with the Bockstein filtration,
dM)=0.

2

The goal of this section is to study the right 4 module HV (m) which could
sceur as the homology of a Smith-Toda complex V(m). We will show that the
A module structure is unique and isomorphic to the appropriate submodule of
A. . The A module structure of submodules of A, is then noted.

Let [m] = {0,1,...,m} and [-1] = ¢. For S C [m] write Q5 =
Qir...Q% where S = {i;---it} and i} < i < --- < iy. Let H* be a left
A module which has as a basis all Q5u, S C [m] where |u|=0.

Lemma 2.1. There is a unique left A module structure on H* . With this struc-
ture P'u = 0 for each pure Steenrod operation P! with I #0. Let HV (m) be
the vector space dual to H* . Then the image of HV (m) in A, is the subalgebra
E(tg, ..., tm).
Proof. To see that 'u =0 for all I # 0 it suffices to prove that 2P y = 0 if
n>0.If not, #*"u = Q5u for S ={i,---i;} and consequently 2p"(p — 1) =
2(pr+---+p)—k.Since i) <y <---<ig, ik >k—1.Also k=2t sowe
get , ‘
t+p"(p—1)=p"+---+p*
Studying the p-adic expansions of this equation one sees that ¢ > p~! and
hence that k > 2p*—2? which implies that k = 2. Again looking at p-adic
expansions we see that this is impossible.

Now consider the left 4 module map 4 — H* which sends 1 to ». This
is an epimorphism and determines a monomorphism HV(m) C A.. Since
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Py = 0 for each pure Steenrod operation P!, HV(m) C E(tg, 71, ...).
For dimensional reasons HV (m) = E(1g, ... , Tm). Consequently the right A4
module structure on HV(m) is determined.

Our task now is to clarify the 4 module structure on E(tg,...). To this
end we define some notation. For S = {i}, ..., i} write 15 = 7, ---1;, if
I <ihb<--<ip.Let ’={i+1]ieS}and (S, T)=(S-T)UT if T'CS.

et if (S-T)NT=¢
T(S,T) 1 - n =0,
T =
WS, 1) { 0 otherwise

(this implies that 7(S, T) = £75_777). Now write |S| for the number k of
elements in S and put pS = p't +---+p and p® =0. Thus p.-p7 = PT .
In evaluating the right 4 module action it is important to observe that the
following unusual Cartan formula for the Bockstein [BK, 11.2]

(xy)B = (xB)y + (=1)*x(yB).
Proposition 2.2.

[(S—1{0) if0eS,
“ﬁ‘{o if0¢s,

£y — T
ngm:{r(S, T) lfn—1.) ,
0 otherwise, n # 0.

Proof. Since 7;8 = 0 except when i = 0 and 798 = 1 the Cartan formula
gives the first equation. Since 7;#" = €t;_, where € = 1 if n = pi~! and
€ = 0 otherwise, an application of the Cartan formula to 75 shows that this is
only nonzero when 7 is a sum of distinct powers of p and 15 PP £ 0 only if
T’ c S. In this case each element in SN 7’ is decreased by one. The resulting
sequence is still in numerical order although there may be repetitions, in which

case that term is 0. This happens precisely when (S — T')N T # ¢, in which
case (S, T)=0.

Proof of Proposition 1.7. If 1:5.97’" #0,n=pT and T'C S. Thus 2np—k—-r =
2pT —|S| - (2p5 - |S)) = 2(pT - p5) 0.

Finally we describe M(2n — 1) in case M = E(tp,... , T,) in complete
detail for future reference.
Proposition 2.3. Let A,y (2n—1) be the subspace of E(to, ... , tm)éA defined
by

Amn—1)= > 5@ A(2n—1+2p%).
SCm]

Then Am(2n — 1) is a subcomplex for n > 1 with differential given by the
formula

d(ts®v)= (-1 )" (S, T)®A,v
T'CS
T#¢

+ Y w(S—{0}, )@ pyrv + (-1)Sles @ o
{o}yuT'CS
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for S C[m] and v € A(2n — 1 +2pS). Note that A_)(2n — 1) = A(2n—1).

It is also interesting, in the light of [HM] to consider the submodule of A,
dual to 4,. (4;)« has a unique 4 module structure and has a Z, basis
consisting of 7§' 112¢¥ where 0 <€; <1 and 0 < k < p—1. Using the Bockstein
filtration we easily get d((4;).) = ¢ and consequently there are subcomplexes
Ay (2n—1) of (A4,).®A foreach n > p. Furthermore F(n+1) Cc A;(2np*-1) C
F(n+1) where F(n+1) and F(n+ 1) are the complexes defined in [HM].
A1(2n — 1) is the same form as the Bousfield-Kan construction on a space X
filtered by subspaces V;(2n — 1) = Xo C X; C X, C X,_; with fibrations
Xi-1 = X; = V;)(2n + ig — 1) . (See [G] for notation.)

3

We begin this section by analyzing the Hopf invariants in the A algebra. We
will prove some technical lemmas about their behavior on composites general-
izing to odd primes a result of Singer [S]. We will use these results to define
Hopf invariants for Ay, .

Let us recall the definition.

Definition 3.1. Let v € A(2n+ 1). By expanding in terms of admissible mono-
mials, there is a unique expression

V =y + Uply + Anls

with vy € A2n—-1), v, € A@Qnp+1),and v3; € A2np-1). If n =0,
vy = vy =0. We write H,(v) = v, and H)(v) = v3. This defines maps of
degree —ng and —(ng — 1) respectively.

A(2n+1) ELN AQ2np+1), AQ2n+1) H, A(2np —1).
v, is completely determined by the formula v, = v — u, H,(v) — A H, (V).

Lemma 3.2. H, is a chain map while H,0 = —0H, — uoH,. Consequently
there are short exact sequences of chain complexes:

H: 0 - A2n) 5 AQn+1)

H: 0 - A2n-1) 5 A@2n)
Proof. Differentiate the formula in 3.1.

AQ2np+1) — 0,
A2np-1) — 0.

n
—
!
n
—

The Harper-Miller result (1.6) allows us to define homomorphisms via left
composition:

ACn+1) % AQn-kq+1) ifkp<n,

AQn+1) B A@Rn—-kqg-1) ifkp+1<n.
Proposition 3.3. Suppose v € A(2n + 1). If kp < n we have
(@) Hp—k(p-1y(Akv) = ApHn(v),
(b) Hy_tp—1y(Akv) = € — iy Hu(v) — Ay Hy(v) where
. { 0 ifkp<n,
“\v ifkp=n.

If kp + 1 < n we have
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(€) H_yiporyot (k7)) =0,
(d) Hp—k(p-1)- l(ﬂkV) =€ = tpr1 Hn(V) — Aipp1 Hy (V) where
B { 0 ifkp+1<n,
“\v ifkp+i=n.
Each of these results can be expressed, somewhat more conceptually, as a
commutative diagram. For example, a) can be written

AQn+1) 2 AQn-kq+1)
| H, ! Hy—k(p-1y
AQnp+1) 2% AQnp —kpg +1).
Proof. We consider first the cases (a) and (b). Write v = v| + v + Anv; as
in 3.1 and consider the composition.
AV = Ay + A Vs + AkAnvs € A(2n — kg + 1).
We look at the last term first. A; A, is expressible as a sum of terms of the form

An—k(p—1)-jAkp+j With j < n—kp . If the inequalities in 1.6 are satisfied we can
write
}-n k(p—1)— ’lkp+jV3 e'1'1 —k(p—-1)— )['kp+JA(2np - l)
C Ank(p-1)-jA(2np — (kp + j)g — 1)
C AQ2n — kg —1).

Such terms do not contribute to either Hopf invariant. The requisite inequalities
are:

(1) 2(kp + j)p < 2np — 1 which holds since j < n —kp

(2) 2(n—k(p—1)—j)<2np— (kp + j)g — 1 which holds when j > 1.

The term with j = 0 has coefficient —1, 50 A¢A,v3 = —Ap_k(p—1)AkpV3 (mod-
ulo A(2n—kg —1)). Similarly we may write u,u, as a sum of terms of either
the form A,_xp—1)—jllpk+j OT Up_k(p—1)—jApk+; With j < n—kp. A similar
analysis shows that the only terms not in A(2n—kq — 1) correspond to j =0.

Suppose now that kp < n. Then Agunvs = (=Ay—k(p—1)lkp = Bn—k(p—1)Akp)V2
(modulo A(2n —kq —1)). Also A,v, € A(2n — kg — 1) by 1.6. We then have

AV = —An_ip—1)(UkpV2 + AkpV3) + Un_k(p—1)AkpV2

modulo A(2n—kqg—1). This completes the proof of (a) and (b) in case kp < n.
If kp=n, v = Av + tApva since Ady, =0 and Agpy, = piAip . Thus
Hy(Av) = ApHyp(v) and Hy(Agv) = vi = v — A Hy (V) = pip Hip(v) -

The cases of (c) and (d) are similar. If n > kp + 1,
BkV = —Pn—k(p—1)~1Bkp+1V2 — Bn—k(p—1)—14kp4 13 (modulo A(2n — kq — 3)).
If n=kp+1, yv = since uppipr1 = 0= prdipyr s0 H(uv) = v =
v —unHy(v)—A,H) (V).

At this point we will introduce intermediate complexes A(,)(2n) for n >0,
m > 0. These correspond to the “even spheres” in the EHP filtration. First set

0, mesS,
S) =
n(S) {L mes,

and then

Am(2n)= > 15 ®AQ2n -1+ 2pS + €n(S5)).
SC[m]
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Lemma 3.4. Each of the modules on the left are subcomplexes of the complexes
on the right

Aim (2n+1) m+l 2n+1),
( ) A m)(2rl + )
A (2n - 1) A(,,,)(Zn)

A(m)(2n +1) =, A(m+1)(2n).

Proof. Since 1 = 1713 we need only consider the last three cases. By definition,
they are all submodules. It remains to show that A, (2n) is closed under 3.
Suppose first that €,,(S) =2, and d(ts®v) =) t(i) ®v;. Then €x,(1(i)) =2
so this case is clear. The case €,,(S) = 0 is obvious in case n > 1. Consider
then the case n =0 and ¢,,(S) = 0. Referring to the proof of 1.7, we see that
the problem terms correspond to 7/ =S or {0}UT' =S and me (S, T) (or
m € (S — {0}, T)). This cannot occur.

These complexes will play a crucial role in the EHP development of the next
section. For 15 ® v € Ay (2n + 1) define a function ¢(ts ® v) by

p(ts®v) = (-1)’{ts ® H,, ,s(1)} + T({0} US") ® Hyyps (v).

Theorem 3.5. If n > 0, ¢ defines a chain map (in the graded sense) of degree
—(ng—1):

Ay (20 + 1) =5 Ay (2np — 1)

with @(Am)(2n)) C Amy(2np = 1).
If n=0, ¢ defines a degree 1 map

Amy(1) = Ams1)(0)
with @(A)(m)(0)) C A(m)(0) such that 90 + 09 = 13 in positive dimensions.
Corollary 3.6. A((0) is acyclic. That is,

Z,, r=0,
HamO) ={ " T,

Proof of Corollary 3.6. Let D = ¢|s, 0)- Then 9D + D¢ =1 —n where 7 is
augmentation.

Proof of Theorem 3.5.

H,,,s(v)e A2np—1+2pS) and H,,,s(v) € A2np — 1+ 2pSV1%),

These integers are positive if # > 0 so ¢ is a well-defined homomorphism in
this case. In case n = 0 the only difficulty occurs when S = ¢. In this case
Hy=0.
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It is left to evaluate 90 and O¢.

¢(a(1s ® l/)) = Z T(S, T)I ® H,/|+p(S.T)(A'pTV)
T'CS
T#¢

+ (=D Y 1({0}U (S, T)) ® Hyypis. 1 (Aprv)

T'CS
T#¢

+ (=BT N (8- {0}, T) @ Hy, s-100. 1 (HprV)
{o}uT'CS
+ Y t({0U(S—{0}, T)) ® Hyppis-10r. 1 (lprv)
{0}uT'CS
+ 15 ® Hy,s(0v) + (=1)S17({0} U S") ® H,y s (00).

Now assume #n > 1 and apply 3.3 with n + pS for n and pT for k. This
gives

p(0(ts®V)) = Z (S, T)® (_.up” Hyps(v) - A’pT' Hyps(v))

T'CS
T#¢
+ (=11 ({0} U (S, T)) ® Ayr Hyyps (v)
T'CS
T#¢
+ > t({0ru(S {0}, 7))
{o}uT'CS

® (—/‘pT'+1Hn+pS(V) - lpT’HH,,,.,.ps(V))
+ 15 ® Hy,s(0v) + (-1)S12({0} US") ® H,,,5(8V).

In case n = 0 we must exclude the terms from the first and third sum in
which 7"'=S ({0}uT’'=S) and add 15 ®v,.
We now collect terms using
S, TY if W=T',
r(S’,W)={T( ) ! T
T({0}u(S—-{0}, 7)) ifwW={0}uT

to obtain

p@(ts® V) = 3 TS, W) @ (—ttpw Hy s (1) = Apw Hip s (1))

wcs

W#¢

+(=DBY " 1({0} U (S, TY)®Ar Hyyps(v) — 15 @ H),, s(v)
T'CS
T#¢

+ (=D ({0} US") ® 0 Hy 5 (V) — Ts ® poHpsps ()
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On the other hand,
(p(ts®V)) = (—1)'S'a(rs: ® Hy, ps(1)) +8(1({0} US") @ Hyps(1v))

=3 1S, T)®AyrH,, ,s(v) + 15 ® OH,, ,s(v)

TCS

T#¢

+ (=D 1(S"U {0}, T) ® Apr Hyups(v)
TCS
T#¢

+ ) 1S, T) ® pyr Hyyps(v)

TCS

+ (=1)S*7({0} U S") ® OH,, s (V).

These are clearly equal with the opposite sign. Thus ¢ = -3¢ when n > 1.
When n = 0 all the terms of @9 + ¢ cancel except those corresponding to
W =38 in ¢0 and T = S in the first and fourth terms of d¢ . The resulting
sum is

TsQVUI +Ts® Aps ;s(l/) + 75 ® Ups Hys(v)
which is 73 v.

Theorem 3.7. If n > 1 there is an exact sequence of chain complexes

E2:0— Apmy(2n — 1) £ Apny2n+1) 25 Aoy (2np — 1) — 0.

Proof. Clearly E? is 1-1and ¢-E?=0. If p(3 15, ®v;) =0, H,,5vi) =

0=H S s;(vi) since the elements {75/, 7({0} US;)} are independent. Thus

each v; is a double suspension and 3" 75, ® v; is in the image of E2. Since ¢
is clearly onto we are done.

4

In this section we will describe the EHP sequences and the Cohen-Moore-
Neisendorfer exact sequences. In all there are five interlocking short exact se-
quences of chain complexes giving five long exact sequences in homology. These
are direct analogues of geometric fibrations proposed in [G].

Proposition 4.1. There are short exact sequences:

CMN: 0 — AmQ2n+1) 5 Apmsp(2n+1)
 AmQ2n+2p™ +1) - 0,

RCMN: 0 — Am(2n+1) 2> Apmey(2n)
 Am(n+2pmt —1) - 0

where n >0 and n,, has degree 2p™*' — 1 such that the diagram
0— A(M)(Zn - 1) 4 A(m+1)(2n - l) y—mb A(m)(Zn + 2pm+1 _ l) -0

L e LE I
0-—- A(m)(Zn + l) 5 A(m+1)(2n) In A(m)(zn + 2pm+l _ l) -0

0— Am(2n+1) 4 Amsny(2n +1) Im Amy(2n +2p™1 4+ 1) > 0
commutes.
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Proof. Define

(-DITler@v ifS=Tu{m+1},
0 fm+1¢S.

All of the assertions are easy to check.

Im(ts®V) = {

Proposition 4.2. There are short exact EHP sequences:
H: 05 Am2n) B AmCn+1) & Apy2np+2pm1 1) -0
H:0= Apm@n-1) B Am@2n) L Awmrp-1) -0

where H and H' have degrees —(2p™*' + nq —2) and —(nq — 1) respectively.
Furthermore the diagrams:

0 0
! !
00— A(,,,)(Zn -1 4 A(,,,H)(Zn -1) I (m)(2n + zpm+1) _ 1) -0
. LE n
D 0= Am@n+1l) & Amen2n) B Awm@n+2pm' 1) -0
l Pn l H'
Aminy(2np — 1) = Apyey(2np — 1)
l l
0 0
(1
0 0
l !
0—- A(m)(2n +1) 5 A(m+1)(2n) m A(m)(zn + 2pm+l -1) -0
00— A(m)(Zn +1) N A(m+1)(2n +1) — A(m)(zn + 2pm+l +1) =0
LE lo
Apmiy(2np +2p™2 — 1) = A(my1y(2np +2p™+2 = 1)
| !
0 0
(I11)
0 0
! , l
0= Am(@n-1) % Am)(2n) B AmQ@rp-1) =0
Il lE !
2
0= Am)(2n-1) = Amy(2n+1) L Ameny(@rp—-1) =0
lH L m
Apmy(2np +2p™ = 1) = Agmy(2np + 2p™*! — 1)
| !
0 0

Proof. H' = @|A(m)(2n) (see 3.5), H = ym419,. All of the assertions are easy
to check.

The EHP sequences easily give an EHP spectral sequence with an almost
inductive procedure for computing, in the usual way. Corollary 3.6 calculates
H,(A(m)(0)) which allows one to start an inductive calculation. One simple
consequence of 4.2 and 3.6 is
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—_—

Corollary 4.3. H : A,n)(l) — Aum(2p™ — 1) is a chain equivalence, where

—_—

A(my(1) is the connected cover (augmentation ideal) of Amy(1).
Applying this to (IT) with n =0 we get
Corollary 4.4. There is a chain equivalence:
Am 20" 4 1) = Ay (20"~ 1) & Ay (207~ 1),
Restricting with (II) or (III) we get
Corollary 4.5. There is a chain equivalence
Ay (20™1) = Ay (0™ — 1) @ Ay (2™ = 1).
See also (6.9).
Finally from (II) we get
Corollary 4.6. The inclusion A(m)(1) = Am+1)(1) is null homotopic.

5

In this section we will examine periodicity in this context. The connecting
homomorphism from CMN (see 4.1) represents a compressed version of a
Um41 Self-map. We wish to represent this as a chain map. For simplicity we
replace m by m—1.

Proposition 5.1. Suppose n > p™. Then there are chain maps of degree g, =
2p™m -2

Um : A(m_l)(2n + 1) — A(m_l)(Zn -2p"+ 1) C A(,,,_l)(Zn +1)

compatible for various n and inducing in homology the connecting homomor-
phism from 4.1.

Proof. A splitting of CNM from 4.1 is given as follows (with n decreased by
pm—1):
[ A(,,,_l)(Zn +1)— A(,,,)(Zn —-2p"+1)

where e(ts®v) = (-1)SI7(SU{m}) ® v. e is not a chain map, but ye =1
and 9y = —yd (since y has odd degree). In such a situation y(de +ed) =0
so we may pull ed +de to Ay,_)(2n—2p™ +1). An explicit formula is easily
obtained; viz.:

Un(ts®v) = = Y (S, T)U{m—1}) ® Ayrypm-1¥
T'CS
+(=DST " (8- {0}, T)U{m —1}) ® pyrypm-1v

{oyur'CcS

if m>1. vo:A_p(2n+1) — A—1)(2n— 1) is given by left multiplication by
Uo. These formulas are independent of n and hence compatible for various

n.
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Corollary 5.2. Let v,,' Ajn—1)(2n + 1) be the telescope of the chain map
Um : A(m_l)(2n +1)— A(m_l)(Zn +1).

Then the suspension Ag,_1)(2n—1) E Am-1y(2n+1) induces an isomorphism:
V' Apm-1y2n = 1) S v Apm_py(2n+ 1) forn>1

and the resulting periodic chain complex is isomorphic with v,,'(HV (m— 1)§>A) .
Theorem 5.3. If n > p™ there is a commutative diagram:

Am_n(2n+1) L Am(2np-1)
l Um l Um+1
Am-ny2n+1-2p™) 5 Apy(2(n—p™)p - 1).

In case n = p™ we have Vpyy1@pm — PoUm = € @ Npm—1)(2n + 1) = Amy(1)
(see 5.1).
Proof. We calculate using the formulas of 3.5 and 5.1.

PnpmVm(ts ® V) = (=1)V Y " 1(S, T) 1w ® H)_ 5.1y s (ApT s pm=1 V)

T'CS
- Z 107(S, T)"l'm ® H,,_pm+p(s,r)+pm—|(Apr_,_pm—ll/)
T'CS

+ Z 7(S - {0}, T) Tm @ H n—pm4pS—{0}, )y pm~ n(,upr_,.pm W)
{o0}uT'CS

+(=DF Y Tot(S {0}, Tt
{o}ur'cs

® Hn_pm+p(s—{o} T ppm—1 (/lpr+pm—|l/)

using 3.3, in case n > p™ this reduces to
(=D (S, TY U{m}) @ (—pyr ypnHoaps (V) = Ay pmHyy s (1))
T'CS
= t({0}U(S, T)Y U{m}) ® Ayrr ypm Hyyps (v)
T'CS

+(=D SN ({0u (S - {0}, T) U {m})
{o}ur'Cs

® (_,upT’ p'n+1Hn+pS(V) - lpT’ p'"+lH +ps( )

= (=D)SHN " 1((S, T)U{m}) ® AprypmH,, s(v)
TCS

= 3 (S U{0}, TYU (m)) ® Ayt ypm Hy s ()
TCS

1)1+ Z (8", T)U{m}) ® pprypm Hyps(v)
TCS
= Vm+l¢(‘[s ® ’/)'

In case n = p™, the reduction of ¢, _pmvUn(7s ® v) differs in the first
and fourth terms. The terms corresponding to 77 = S and {0} UT' = S
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reduce to (—1)¥17(Su{m})® v, . The corresponding terms in the expansion of
Um+19(Ts ® v) are in the first and third sums with 7 = S. They yield

(_I)ISHIT(S u{mj}) ®’1n+ps ,,,+pS(V) +1(Su{m})® ,un+pSHn+pS(V) .
Thus @n_pmVUm(ts ®V) —Ump19(ts®v) = (-1)Slr(SU{m}) @ v = e(ts®v) by
3.1.

6

In this section we show that there is a unique way to make A, into a
differential algebra. Unstably this multiplication exactly reflects the composition
theory in [G].

We give A, a bigrading by letting the s grading of 75 ® v be the usual s
grading of v € A. Thus the boundary raises s by 1.

Theorem 6.1. Suppose A is a bigraded differential algebra such that A, _,)
is a subalgebra for m >0 and if s =0 Ay reducesto E(tq, ... ,Tm). Then
the following formulas determine the multiplication:

AnTo = Todn + Un, UnTo = Toln,

AnTi = —TiAn — T,'_lﬂ.,,_,,pi—l s i>0,

UnTi = Tilln + Ti—1lnipi-1 s i>0.
Proof. The general method of proof will be to expand 4,7; and differentiate the
expansion. Using induction we then calculate the coefficients of the resulting
over determined system. In some cases various terms in the expansion will be
cycles (e.g. TiAy), at which point the inductive step will need to be augmented.

Write A,To = anToAn + buutn, . Here the right-hand side is a general term of
A with s = 1. Differentiate this equation with n = 1 to obtain b = 1.
Differentiate this with # = 2 and substitute in from the first equation to obtain
b =1 and a; = a; = —1. Now apply induction after differentiating the
general equation to conclude a, = —1 and b, = 1. Expand 0 = Anrg to obtain
UnTo = Toltn for n > 0. For n =0 differentiate 0 = ‘t%.

For an element in A, we will speak of the polynomial degree to mean the
degree in the 7,’s. We claim now that A,7,, , when expanded, contains no terms
of polynomial degree greater than one. This is proved by double induction on
n and m. By induction, the expansion of (84,)t, has degree one so the same
is true for (4,7n). Thus 4,7, can have no term of degree bigger than 2 and
the only possible degree 2 terms are 7,7, where v, € A isacycle with s =1.
Thus v, = A, and the stem degree of 7,7;v, is congruent to 1 mod ¢ . Since
the stem degree of A,7,, is congruent to 0 mod g, such terms cannot occur.

Now write A,T| = dulny1 +bnToAns1 +CnTiAn . Incase n =1 we differentiate

to obtain g¢; = 0 and b; = ¢y = —1. Now apply 4,7,79 = —A,7¢T; to obtain
UnT1 = —buTofns1 — CnTi My . By induction assume a, =0 and b, =¢, = -1.
Calculate 0 = 4,73 to obtain a,4; =0 and ¢,y = —1. Now differentiate and

look at the terms of polynomial degree O to obtain b,,; = 0. Use 4,779 =
—AnToT1 to obtain u,t; = ToUns1 + Tiin for n > 0. The case n = 0 follows
by differentiating 797, = —7,7¢.

We will simplify the general case by introducing derivations ¢,,(x) = [Tm, X]

= T = (= 1) x Ty . We have dum(@m(x)) = 0 and (X)) = —b(bm ().
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Our calculations give ¢o(4n) = 0, ¢o(dn) = tn, ¢1(Un) = —ToMns1 and
¢1(An) = —Todn41 -

Now differentiate 717/, = —T,n7; to get 0 = 19(A1 T+ Tmdi + Tm—1dpm-14) =
To(Pm(41) + Tm—14pm-141) - Using ¢m(d1(An)) = —=#1(¢m(4n)) s ¢m(7i) =0, and
induction on n we get 0 = to(dm(4n) + Tm—14pm-14,) . Thus

d’m(ln) = _tm—l)'p’"_l-i-n + anfoﬂ.n+pm—l+...+p+l.

Assuming that m > 1, differentiating, and looking at the terms of polynomial
degree 0 we get 0 = anloAyypm-14..p1- Thus ap = 0. Using ¢o(dm(4n)) =
~Pm(Po(An)) we get dm(un) = “Tm—1Hpypm-1 -

We have next to show that the equations of 6.1 give A, the structure of an
associative algebra. This will be done inductively using the following

Lemma 6.2. Let " be a graded differetnial algebra and ¢: I" — " be a derivation
of odd degree with ¢* = 0. Then there is a differential algebra T" which is a
free right T" module with basis 1 and 1, and ¢ extends to a derivation ¢' and
I by the formula [t, y] = ¢(y).

Proof. Use the formula ty = (—=1)"/yt4+¢(y) to define a multiplication extend-
ing the right I' module structure. Thus

(a+1b)(c + 1d) = (ac — (1) ¢(a)d) + t(bc + (—1)1%lad — (=1)°¢(b)d).

Associativity is an easy verification, and the unit of I', if it has one, is a two-
sided unit for I".

As a simple application we may let I' = A and ¢ be the differential. We
will write A9 for 7. This extends A to an associative algebra on A;, and ;
for all i > 0. The usual formulas for the differential are then converted into
the Adem relations, and it is a well-known observation that they then have the
same form for all i. Let us call this algebra EA .

We will extend EA,) to EA(y.;) by induction using 6.2. As in 6.1 we
will need to consider the first two cases on their own right and then use general
considerations to complete the inductive step.

Thus to construct EAp , we need to construct a derivation ¢y of EA con-
sistent with 6.1. To do this we must show that if we define ¢g by ¢o(4,) = un,
do(tn) = 0 and ¢o(ab) = ¢o(a)b + (—1)%lagy(b), this defines a derivation of
EA. We have precsribed an algorithm for calculation. We need to show that
the Adem relations are carried into relations by this algorithm. With the nota-
tion of [HM], there are four kinds of Adem relations labeled (1.7), (1.8), (1.9)
and (1.10). It is easy to see that (1.9) is carried to (1.10) and (1.10) is carried
to 0 =0. Using the formula dj ; = cx_; j—1 — ¢k, ; (in the notation of [HM]),
one sees that (1.8) is carried to (1.10). The same formula is used to show that
¢o carries (1.7) into (1.9) minus (1.8).

Thus EA( is an associative algebra. We write 7 for the introduced element
and thus have formulas 1,79 = —7¢A, + u, for all n > 0. In particular we
define d(x) = [Ag, x] as before and have dty = yg. Thus with this differential
we have recovered A .

We will prove by induction

Theorem 6.3. A, has the structure of a differential algebra using the formulas
of 6.1. If Ay is introduced, we have an algebra EA ) with d(x) = [A, x].
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Proof. Having settled the case m = 0, we will assume, by induction that a
multiplication in A, is constructed satisfying 6.1. One can easily add A using
6.2 so we have EA(, with d(x) = [4o, x]. The induction will be complete if
we can find a derivation ¢,,,,;: EA(m) — EA(m) with @,11(7;) =0, dme1(An) =
—TmAnspmn aNA Pyt (Un) = —TmAnspm . Let A, be the quotient of the free
associative algebra generated by all A;, 4; for i >0 and 7; for 0 < i< m
modulo the relations:

(@) 2=0, 1,1;=—-1;1;

(b) AnTo = —Todn + Un, HnTo = Toln,

(C) /1,,‘[,' = —‘L','/ln - T,’-]/l,,ﬂ;z—l ,

(d) UnTi = Tiltn + Tic1lnipi-1

Now define a derivations p : 4,, — A,, of degree ¢ and ¢y : Ay, — A of
degree 2(pk — 1) for 0 < k < m+ 1 by the rules:

Pk (An) = =Th1Anipr1, n>0,k>0,

Gi(fn) = —Th—tfpypi-rs 1 20,k>0,

$o(An) = tn, do(n) =0, ¢ (t:)=0, k2>0,
P(,Un) =Unt1, PAn) =Ang1, p(Ti)=0.

It is straightforward to check that these are well defined. The following rela-
tions hold:

* (%) Skdr = —1dr, kP = pPi.

Since these homomorphisms are derivations, it is only necessary to check equal-
ity on the generators.

EA(m is a quotient of F, by the relations (1.7) to (1.10) of [HM]. These
derivations will define derivations of EA,, if they preserve the two-sided ideal
generated by these relations. We have already observed that ¢, is defined on
EA(mm) . The induction relies on

Lemma 6.4. p defines a derivation EAg,y — EAyyy .

Continuing with the proof of 6.3 we note that all of the relations (1.7) and
(1.10) can be generated by repeated application of p and ¢p to A;d,; =0 =
Uipi+1 - Indeed applying p to A;4,; =0 k times yields

k
Z (];) j-i+s'1pi+k—s =0.
s=0
Using induction one can then write 4;4,,.x as a sum of admissible terms which
yields (1.7). In the same manner u;4,;+; = 0 leads to (1.9). Consequently we
only need to show that ¢y (Aidp;) = 0 = @i (Hidpis1) . This is straightforward.

Proof of 6.4. Using ¢op = p¢o reduces the calculation to (1.7) and (1.9). Con-
sider the relation (1.7):

Aipivk = Z Ck, jhisk—jApit)-
Applying p and expanding 4.4, , the formula reduces to
Ck-p,j—p T k2D,
ck,j+ck,j—l"ck+1,j={l ifp>k=j,
0 ifp>k>j.
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This is easy to verify. The same congruence is used wiih (1.9) so p extends to
amap of EA(y .

Proposition 6.5. Suppose S = {i\, ... , iy} with iy < i < --- < iy. Then
Ts=Ti " Tj -

Proof. Both sides of the equation have s filtrations 0 where there are no cycles
if §# ¢. So it suffices to show that both sides have the same differential.
Since the left-hand side is computed by 2.3 it suffices to compute the right side.
Suppose i; > 0. We then prove by induction on k, that

Oty 1) = (=% Y (S, T)® 4,
T'CS
T#¢

in agreement with 2.3. The general case is obtained by calculating d(to7s) with
0¢sS.

The following theorem suggests the compositions contemplated in [G].
Theorem 6.6. A ,)(1)gAm)(n + ) C Apmy(n).
The proof will be based on

Lemma 6.7.
(@) TsApm(2n+2pS+1) C Amy(2n+1),
b)if mgS, tsAum(2n+ 2pS) C Am(2n),
(€) AR+ 1)gApmy(2n+0 + 1) C Apmy(2n + 1),
(d) A2+ 1)gAgmy(20 + ) C Ay (211).

Proof of 6.6. Suppose n =2k + 1. Then
Amy(2k + 1)gApmy(2k + 0 + 1)
C Y tsAQ2k + 295 + 1), _gps 5y Amy (2k + 0 + 1)
C Y tsAm(2k +2p5 + 1) C Ay (2k + 1)
by (c) and (a). Suppose now that » = 2k . We then have
Amy(2K)g Amy)(2k +0) € Y tsA(2k — 1+ 295 + €(S)) 525+ (51 A(m) (2K + 0).
We separate two cases. If S ={m} we get

‘l'mA(Zk -1+ 2p'”),,_2pm+1A(m)(2k +0)
C TmAgmy(2k — 1 +29™) C Agmy(21 — 1) C Agy(2K)

by (c) and (a). If S # {m}. €(S)+|S| > 2 and we apply (d) to conclude that
these terms are contained in

> tsAm)(2k — 2+ 2pS + €(S)).

If meS, €(S)=0 and this is contained in Ay (2k — 1) C A(n)(2k) by (a).
If m¢gS, we apply (b) to see that such terms are contained in A, (2k) .

For the proof of 6.7 we will need the following
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Lemma 6.8. For n > 0 and S C [m] we have

(a) Ants = (=11 ZT'cs (S, T)Apypr + Z{O}uT’cS (S = {0}, T)ttnspr

(b) unts = ZT’CS T(Sa T)oun+p7 :
Proof. (a) reduces to 2.3 if n =0. Apply p n times to prove (a). Apply ¢q
to prove (b).

Proof of 6.7. (a) is immediate. To check (b) note that if m ¢ S, e€(SUT) =
€(T). We prove both (c) and (d) by induction on the s filtration in A. In case
s =1 we must prove

AkA(m)(2n +kg—-1)C A(,,,)(Zn) ,
AkA(m)(2n + kQ) C A(m)(Zn + l) s
) (20 + kq) C Amy(2n),
ukA(m)(Zn +kqg+ 1) C A(,,,)(Zn +1).
Each of these are proven using 6.8. For example,
McAmy(2n + kg — 1) C > AetsAQ2n + kg +2p5 - 1)
C Y (S, TikyprAQ2n + kg +2p5 - 1)
+ 3 1S = {0}, Ttgspr AQ2n + kg +2p° - 1).

Suppose S # T'. Then A;,,rA(2n + kq +2p5 — 1) C A(2n + 2pS:T) — 1)
by 1.6, so these terms are contained in Ay (2n — 1) C Amy(2n). If S =T,
AkaprA(2n + kq + 2pS) C A(2n +2pT) and t7A(2n + 2pT) C Apm)(2n) since
m ¢ T . A similar analysis applies to the second sum (where 77 C S — {0}).

We prove (c) and (d) together by induction. Suppose that they are both valid
for monomials of length < s and let v have length s where I is an admissible
sequence. We distinguish two cases.

Casel. vi=Awp € A2n+1),. Let 6/ =|vp|=0—-ig+1. Now i <n so
vp € AQ2ip — 1) C A(2n + iqg — 1), . We can then use induction induction to
see that:

viAm(2n+iq+0d' —1) C Apm(2n +iq — 1),
v Amy(2n + iq + 0') C Amy(2n + iq).
Hence:
VIA(m)(2n + 6) C AiA(m)(2n + iq — 1) C A(m)(2n),
ViAm)(20 + 0 + 1) C 2iAm) (21 + iq) C Apmy(2n + 1).

Case 2. vi = pjvyp € A2n+1),. Let ¢’ = |vp| = 6 —iq. Since i < n,
vy € A(2ip + 1)y C A(2n + iq + 1), . Again by induction,

upA(,,,)(Zn +iqg+ O'/) C A(m)(2n +1iq),
upA(,,,)(Zn +ig+ o + 1)c A(,,,)(Zn +ig+1).
Then we get

u,A(,,,)(Zn + 0') C u;A(m)(2n + IQ) C A(m)(Zn) y
u,A(m)(Zn +o+1)C ,u,~A(,,,)(2n +ig+1)C A(m)(2n +1).
This completes the induction and establishes 6.7.
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One consequence of the existence of compositions is that elements of Hopf
invariant one produce splittings. This gives us the following generalization of
4.5.

Proposition 6.9. There is an isomorphism of chain complexes

Agm) (20%) = Am)(20% — 1) © Agm) 20"+ - 1).

Proof. Ay € A(2p* + 1) C Amy(2p%) is a cycle. If x € Aymy(2p%*! — 1) then
ApkX € A(my(2p%) by 6.6. Thus we may define a chain map

1t Ay (205 = 1) = Agmy (20%)

by n(x) = Aux.

Now write X = Y g, TsVs With vs € A(2p**'+2pS —1). Then we expand
Ay« X using 6.8a and observe that most terms are in A(m)(Zpk —1). Itis an easy
matter to see that H;k(n(x)) = ¢« (n(x)) = x . Thus the sequence

H':0 = Amy(20% = 1) = Apny(20%) = Amy(20*H = 1) = 0

splits.
Finally, we introduce a Bockstein homomorphism into A (n). Define B,
via the composites:

Amn+1) "2 Apop2n+2pm+1) -5 ApyQ2n+2p™+1)
TE T E? T E
Am(2n) 2 Apon(@n+2pm—1) =5 Apmy(2n+2p™ - 2)

Theorem 6.10. B, is a derivation with B2, =0, Bmi19 = —9Bm and Bpdms =
_pp”'_

Proof. As in the proof of 6.3, we construct a derivation B,, : A, — Ay, by
Pm(tm) =1 and for i <m B(7;) =0, B(An) = B(un) = 0. One easily checks
that B = 1Ym_1 .

7

The complexes A(y,)(n) have a unit 1 € A(n) C Ayyy(n) and have their
gradings normalized so that the unit has dimension 0. We will call this the
stable grading . By way of contrast, the complexes in [BK] are graded according
to their unstable dimension. We wish to regrade the complexes A(n(n). Since
they are not known to have a geometric analog, we seek an algebraic limitation
on the regrading that reflects geometric considerations. The composition pairing
of n,(x) and 7,,,(S?) to ms,.(x) suggests the following.

Definition 7.1. An unstable differential right A module (for short, unstable A
module) is a graded chain complex M = {M,} of Z, vector spaces together
with pairings M, ® A(6); — M,,. which are associative and satisfy m-1 =m
and d(m-i)=d(m)-A+ (-1)°m-di for m e M, and A€ A(0).

Clearly the unstable cochain complex M®A of [BK] is an unstable A mod-
ule. In fact, if we ignore the differential in M Q@A we see that it is the free
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unstable A module generated by the graded vector space M (in the sense of
adjointness).

Given an unstable A module M we can construct QM by (QM), = My, .
This will again be an unstabie A module if we define the A action as follows.
Write Qx € (QM), for the element corresponding to x € M, . Then define
a A module action by (Qx)i = (—1)*Q(xA) and a derivation by d(Qx) =
Q(dx). Reversing this process (delooping) is in general, not possible. Let us
consider, for example, regrading A(n). We ask for which k is QKA(n) an
unstable A module,. For this we need A(n),,,.«+A(m) C A(n) which by [HM;
1.17]) requires m < n+m+k, ie., k > —n. Thus Q"A(n) is a delooping
for A(n). In general, Q%A(n) corresponds to Q¥*"S". If n+ 1 # 2p° for
some s, Q ""!A(n) is not an unstable A module. To see this, note that if
it were, we could define 1 - 4,41 € (7" 'A(1)(n+1)9-1 = A(R)(n+q)—1 With
d(1+Aps1) = (=)™ - d(Apyr). Since d(An41) # 0 when n+ 1 # 2p* and
is not 2 boundary in A(n), this is impossible. Of course if n + 1 = 2p*,
A(n+1) = A(n) ® A(2p**! — 1) so this is best possible.

Let A(n) be the augmentation ideal in A(n). The next lemma implies that
Q-""!A(n) is a right A module. This suggests that the fiber of the map S" U,
e"! - K(Z,, n) could be an H space (where p > 2).

Lemma 7.2. A(n);A(n+d+1)C A(n).
Proof. We show that v;A(n+d + 1) C A(n) for v; € A(n); by induction on
the length of /. First note that

MA(n+kq)c A(n) if2k<n,
wACm+kq+2)c ACm+1) ifk<m,
wA2m+kqg+1)Cc A2m) ifk<m.

This handles the case s = 1. Suppose v; = A,y with 2k < n. Then we have
viA(n+d +1) C B AQRKp — 1)y g Aln +d +1)

C A A(n +7c/q =Dy ggnAn+d+1)
ChAn+kg—1)C An).

On the other hand, suppose v; = y,vp with 2k +1 < n. Then
viA(n+d +1) C wea(2kp + Dy Aln+d +1)
- ukA(nqu)d_kqA(n +d+1)
C wA(n+ kq) C A(n).
In the last step we apply the case s = 1.
We will call the delooping Q~"A(n) the unstable grading for A(n) and dis-

tinguish it with the notation A(n). Thus A(n) = Q"A(n). We wish to consider
unstable gradings for the complexes Ay, (n). This should give us some insight
as to how far the spaces considered in [G] could be delooped.

We first examine the classical EHP sequences in this light.
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Definition 7.3. A map of unstable differential right A modules is a chain map
of degree 0 which preserves the A module action.

We now claim that the following are exact sequences in the category of un-
stable A modules:

0 - A2n-1 £ QACn) % QAGmp-1) — O,

0 - A2n) 5 oA@n+1) & QAQmp+1) - O.
Furthermore neither H or H' can be delooped. The only hard part is to show
that H and H' are maps of unstable A modules. This follows from the

—

Lemma 7.4. Suppose x € A(2n), and y € A(2n+d), then H(xy)= H;(x)y.
Suppose x € A(2n+ 1), and y € A2n+d +1). Then H,(xy)= H,(x)y.

Note: This actually implies that the compositions
A2n) —» AQ2n) L AQnp—1) and AQ@n+1) = AQn+1) — AQ2np + 1)
are A module maps.

Proof. We only do the first case as the second is similar. Suppose first that

x € A2n—1). Then by 7.2, xy € A(2n — 1) so the equation holds. Now
the equation clearly holds when x = A, so suppose that x = A,v with v €

A(2r’z;— 1) Then, by the lemma, vy € A(2np — 1) so Hy(xy)=vy =
H,(x)y .

We now ask, for which k is QkA(m)(n) an unstable A module?

d—ng+1

Proposition 7.5. Q¥A,,(n) is a right A module if k > —n, but not if k =
—n—1 where n+1#2p* or n+2p™ # 2p* for some s > 0.
Proof. Consider first QX A(m)(2n+1) . The composition pairing must be defined
on
[QA(m)(2n + 1]y ® A(d) = Apmy(2n + 1) 444 ® A(d)
=Y tsAQn+ 1+ 2p5) 4,4 _apsiis) ® A(d)

for which we need d < (2n+1+2pS)+(d +k—-2pS+|S|); i, 2n+14|S| >
—k. Thus 2n + 1 > —k is sufficient. To see the converse, look at the term
corresponding to S = ¢. In the other case we have:

[Q4A(m)(2n)]y ® A(d) = Apmy(20) 414 ® A(d)
=) TsA2n — 1+ 25 + €m(S)) gsx—2p5415) @ Ald)

and the requisite inequality is —k < 2n—1+|S|+€,(S). Since |S|+€n(S) > 1,
—k < 2n suffices. For the converse directions look at terms where S = {m}.

This result supports the delooping conjecture of [G]: that W7, deloops until
itis n— 1 connected, i.e., Wz’n) = Q’"“V("m). A particular case of importance
is the space W, which is the fiber of the double suspension. This suggests that
W, is a double loop space (at odd primes). At p = 2, the complex A(W,)
(see [M]) only supports one delooping of W, precisely because the extra terms
in the boundary formula prevent it from being an unstable A module when
delooped once more.
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Theorem 7.5. There are exact sequences in the category of unstable A modules:

H : 0 - Apin) L OApmen+1) 2 QA,Crpr2pmTo1) - 0
H : 0 - Amn-1) 5 ak,,en B QRCmp=T) -0
B0 - Aman-0) 5 QA,n+D) % Qhpnn@wr—1) -0
CMN : 0 — Am(Cn+1) 5 Apen@n+D) 5 QApQn+2pm+1) — 0
RCMN:0 — QApy(2n+1) 2 Appyp)(2n) L Am@n+2pmtT—-1) - 0

and a commutative diagram:
QA m(2n+2pm 1 —1) — QXA (2n + 1)

Um4
EzT \‘ EZT
Am(2n+2pm1 —=3)  —  Am(2n-1)
where the horizontal maps are given by left composition with

. 'Um+l(1) € A(m)(k)k+2pm+l_2 for k>1.

Proof. Since it is clear that the various inclusions are A module maps, one can
reduce the question to checking y, vn,1, and ¢ . The first two are clear from
the definition, while the third follows from 7.3.

The exact sequences () actually split as right A modules (but not as chain
complexes); we have

QACZn+ 1) =A2n) ® QACnp + 1),
QA(2n) = A2n—1) ® QAQ2np — 1).

By iteration we get
QAQ2n + 1) = @D tnbtnp - - - hnpi-1 A(2nD"),
=0

QAQ2n) = A2n—1)® @ Anttnp-1 - - - Bmp-1)pA2(nD — 1)p").
i=0
In particular, QA(2n) and QA(2n+ 1) are free right A modules; consequently
we have

Proposition 7.6. If M is a free right A modules, QM is also free.

It is possible to describe a basis for QM from a given basis {x,} for M.
For each x, with |x,| = 2n + 1, one takes Xqfn---HUy,i-1 for each i > 0.
For each x, with |xo| = 2n one takes x, and XoAnltnp—1-** HUnp—1)pi-1 fOT
each i > 0. These basis elements can also be described in terms of homology
operations. Using then notation of [C],

Q1 (MBA) = J Dy (L (M))@A.
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In particular, we have the isomorphism

Amn-D= Y QSAZn+2p5-1)
SC[m]

as right A modules. This is then a free right A module and suggests that the
homology of the spaces V(,,;)(2n — 1) of [G] should be

® H*(Q|S|S2n+2ps—l)'

SC[m]
8
In this section we describe in some detail an EHP spectral sequences for
calculating Ext,(H*(V(m));Z,) for —1 < m < oco. In the case m = -1

this method was used in [CGMM], and works just as well in the other cases. In
particular, for m = oo it simplifies and can be used to calculate the cohomology
of the subalgebra of the Steenrod algebra generated by the !, i >0.

The results are purely organizational. The short exact sequences H and H’
give long exact sequences in homology and these fit together to form a spectral
sequence. The s grading in the A algebra gives a bigrading to A, (n) and
hence the spectral sequence is trigraded. We lay out the stem dimension (u)
horizontally and the filtrations v > 0 vertically. We ignore s except when
calculating differentials. It can be read off the genealogical description for re-
assembly into an Adams diagram. Write A, for the subspace of the A algebra
of elements of stem dimension d and monomial length s. We bigrade A,,)(n)
by Af,(n) = (32 1s® A*)NA(my(n) . Then the differential in A(m)(n) increases
s by 1.

Theorem 8.1. For each m > —1 there is a trigraded spectral sequence {E}, ,}
with
(@) d": sE} ,— suE;_| ,_,,
(0) SEL 5 = Huequur(AS;) 2p — 1)),
5 1£,2v+l = Hu~qv—qm+l(Af;,)l(2PU +2pmt — 1)),
(c) Exty'(H*(V(m)), zp) = By sEX ;.
(d) Hu(Afm)(v)) is the homology of the subspectral sequence with (Ej, , =0
for t>s,
(e)
Z, ifu=s5=0,

El,= ‘
s7u,0 {O otherwise.

The proof is straightforward. The case m = oo simplifies since half of the
E' terms are missing.

Theorem 8.2. There is a trigraded spectral sequence {;E], ,} with
(a) dr s E;:,v - s+lE,:

—1,v—r"

(b) sEti,'v = u-qv+l(Af;‘)(2pv - 1)),
(c) Ext!(H*(V(0); Z,) 2 Exty!(Z,, Z,) = @2 sEX, , where PC A is
the subalgebra generated by the Steenrod pth powers,
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(d) Hy(A{y)(v) = Bizo E:

(e) .
El _{Zp ifu=s5s=0,
SEOUT 0 otherwise.

Calculation with these spectral sequences is greatly aided by the following

—

composition formula for Hopf invariants (see 7.4). Let A(,)(n) be the aug-
mentation ideal.

—_—

Theorem 8.3. Suppose x € Ayyy(2n); and y € Apmy(2n +d) then Hy(xy) =

H,(x)y . Suppose x € A(m)(?n/+ 1); and y € Apy(2n+d+1). Then Hy(xy) =
Hy(x)y .

Thus the Hopf invariant of a composition is always obtained by taking the
Hopf invariant of the first factor and multiplying by the second factor, provided
the first factor is of positive stem degree.

The proof of 8.3 is long but entirely analogous to that of 7.4. It is accom-
plished by showing first that ¢(xy) = ¢(x)i(y) for x € Am(2n + 1)z and
y € Apm)(2n +d + 1). The Hopf invariants are easily derived from ¢. The
result is then seen to follow from the analog of 7.2; namely

Ay 21+ 1)gAimy(2n +d +2) C Apmy(2n + 1).

This is obtained by a modification of the analysis in §6.
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