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EHP SPECTRA AND PERIODICITY. II: A-ALGEBRA MODELS

BRAYTON GRAY

Abstract. The results of part I suggest that for small m , the Smith-Toda spec-

trum V(m) can be approximated by spaces having universal mapping proper-

ties and interlocking fibrations. For each m , a A-algebra model representing

the Bousfield-Kan E' term for these spaces is constructed, and all of the ideal

results are proven on the chain level.

Introduction

The classical EHP sequences fit together to form the EHP spectral sequence.

This filters the stable homotopy groups of spheres by "sphere of origin" and by

its self-referential nature, creates a technology both for calculating homotopy

groups and for analyzing results beyond the range in which we have a complete

calculation.

In [G] we showed that the sphere spectrum is not the only spectrum with such

a filtration, and gave evidence which suggests that for large enough primes, the

spectrum V(m), if it exists, should also have EHP sequences.

Constructing the fibrations suggested in [G] will not be an easy task for large

values of am . It is our purpose here to present a A-algebra version of these

EHP sequences in the spirit of Bousfield and Curtis [BC, C]. They describe

short exact sequences of chain complexes:

H: 0 —► A(2n)       -^ A(2aî + 1) Ä   A(2np + 1) -+ 0,

#':0->A(2/i- 1)-^A(2/i)        -^ A(2np - 1) -+ 0

which induce long exact sequences in homology that correspond to the P1 terms

of the unstable Adams spectral sequences for the appropriate homotopy groups.

In addition to the EHP sequences, we produce short exact sequences corre-

sponding to the sequences CMN, RCMN, and E2 of [G] which relate adjacent

values of am and establish the connection with periodicity. Thus, in the "world

of ext", the conjectures in [G] are valid.

Throughout this paper we will be working at a prime p > 2. In 2.3 we define

complexes A(m)(Az) with A(_i)(aî) = A(n). Our results are then summarized as

Theorem. There are chain complexes A^m-¡(n) defined for n > 0 and am > -1

and inclusions A(m)(Az) c A(ot)(aî + 1) such that
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oc

A(m) = IJ A(m)(Al) = P(t0 , ... , xm) ® A
/I=l

where P(Tn, ... , xm)  is the indicated subalgebra of the dual to the Steenrod

algebra. Furthermore there are exact EHP sequences:

H:0^A{m)(2n)        $ A(m)(2n + 1)  £ A(m)(2np + 2pm+l - 1)    -0,

P/':0  - A(m)(2A2-l)  4 A(m)(2«) K A{m)(2np - 1) -0

and A(m)(0) is acyclic.

There are also exact sequences:

P2: 0-A(m)(2«-l)^A(m)(2Az + l)     ^ A(m+X)(2np - I) -0,

CATA :    0 - A(m)(2Az + l)-U A{m+X)(2n + 1) H A{m)(2n + 2pm+x + 1) - 0,

RCMN : 0 -* A(m)(2n + 1) * A(m+1)(2Aî)       2» A(w)(2az + 2/?"I+1 - 1) -» 0

corresponding to the double suspension sequence and the Cohen-Moore-

Neisendorfer sequences of [G].

Finally A(m) is a differential algebra in such a way that

(a) A(m)(n)a • A{m)(n + o) c A{m)(n),

(b) The connecting homomorphism in the exact sequence CMN can be rep-

resented by a chain map of degree qm = 2(pm - 1) :

vm : A(m_1)(2Ai + 2pm - 1) -► A(m_i)(2A2 - 1)

such that the diagram

A(m_D(2A2 + 2pm - 1)-> A(w_1)(2n + 1)

A{m_x)(2n + 2pm - 3)-y A(m_x)(2n - 1)

commutes where the horizontal maps are left composition with an element

vm £ A(m_x)(2r+ l)„m for r>0.

Note that property (a) generalizes a result of Harper and Miller in case am =

-1 [HM, 1.17] and reflects the theory of compositions suggested in [G]. In

property (b) the map vm has degree qm and is the algebraic analog of a vm

self-map.
This theorem summarizes the results in 2.3, 3.6, 3.7, 4.1, 4.2, 5.1, 5.2, 6.3,

6.5 and 6.6.
One striking corollary concerns vm periodic homotopy:

Corollary 5.2.

v~xA(m_X)(2n - l)^v~xA(m_X)(2n+l)^v-x(E(To, ■■■ , Tm_,)®A).

This generalizes one of the main results o/[HM].

In §7, we introduce the category of unstable right A modules, which we take

to be an approximation to the unstable homotopy category. The properties of

this category reinforce various delooping conjectures of [G].
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In §8, we make explicit, the EHP spectral sequence obtained for calculating

H.(A(m))*ExtA(H*(V(m));Zp).

1

We begin by recalling the Bousfield-Kan construction [BK]. This is an explicit

chain complex for calculating ExtA(M* ; Zp) where A is the mod p Steenrod

algebra and M is a right A module. It is obtained by putting a twisted differ-

ential (see 1.4) on the tensor product of M and A, where A is the A algebra.

The A algebra is filtered by A(ai) corresponding to the sphere1 S" . We will

construct a filtration of the Bousfield-Kan construction M ® A induced by a

filtration on M. A particularly important special case applies to submodules

of At (the dual of the Steenrod algebra).

Definition 1.1. Let M be a right A module. A decreasing filtration FkM will
be called useful if

(a) (FkM)â°n c FkM,

(b) (FkM)ß c Fk_xM,
(c) If (FkM - Fk+xM)rß ¿0, k + r is even.

Example 1.2. Let M = A,, the dual of the Steenrod algebra considered as

a right A module. Let FkM = ©t,-, •••t¡kAm where the sum is over all se-

quences of integers of length k and t, £ At is the standard exterior generator

of dimension 2p' - 1. Using the comultiplication in A* one easily sees that
%i¿Pn = eT,_i where e = 1 if n = p'~x and 0 otherwise. Thus a is satisfied.

Likewise ¿¡¡ß - 0 and t,/? = 0 if / > 0 while toß = 1 . Thus b is satisfied.
Finally (FkM)r = (Fk+xM)r if Ac + r is odd, and c is satisfied. This will be
called the Bockstein filtration since the dual filtration of A is by the number of

Bocksteins.

Proposition 1.3. If FkM is a useful filtration of M and N c M is a submodule,

the induced filtration on N given by FkN = N n FkM is useful.

This gives a useful filtration on the dual of any cyclic left A module. Of
course another useful filtration is obtained by setting FkM = M for all k .

The Bousfield-Kan construction M® A provides us with a differential on the

tensor product M <g> A. The differential is defined by the formula

(1.4)     d(x ® v) = (- 1)W Y^x^ ® V + £*^"' ® ßiV + (-1)1*1* ® öi/
i>0 z>0

for x e M and z/ 6 A where |x| is the dimension of x .

Suppose now that M has a useful filtration. We define a subspace

M(2n - 1) c M ® A as follows:

M(2az - 1) - IJiPtAOr ® A(2az - 1 + k + r).

We now define the depth of a useful filtration by the formula:

d(M) = max{2pi -k-r\ (F^)^ ¿ 0}.

'in case n is even, A(n) corresponds to the "homotopy theorists even sphere"; i.e., the p - 1

cell complex Jp_x(S").
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Proposition 1.5. If 2n - 1 > d(M), M(2n - 1) is a subcomplex.

To prove this we require a result of Harper and Miller [HM, 1.18] which we

will use frequently in the sequel.

Proposition 1.6. The subcomplexes A(n) c A satisfy

AfcA(Az) c A(az - kq) ifn > 2pk > 0,

pkA(2n + 1) c A(2n-kq- 1)   ifn>pj>0.

Proof of Proposition 1.5. It suffices to show that if x £ (FkM)r  and  v £

A(2n-l + k + r) then x^"'®A;i/ and xß^teppj both belong to M(2n-l)
when In - 1 > d(M). Now x&' £ (FkM)r-iq and

X¡v £ a,A(2« - 1 + k + r) C A(2n -l+k + r-iq)

by 1.6 if 2n - 1 + k + r > 2pi > 0. This holds if 2« - 1 > d(M). Consequently
x&'tekiV £ M(2n-l). Likewise xß&>' £ (Fk_xM)r^iq^x and ppj £ ptA(2n-

l +k + r) C A(2n - 3 + k + r - iq) if k + r is even and n - 1 + ^¡f > pi > 0
by 1.6. If k is maximal with x £ FkM and xß ^ 0, k + r must be even by
1.1(c). Finally, since xß £ (Fk_xM)r_x , (xß)&>> / 0 implies that 2az - 1 >
d(M) > 2pi - (ac - 1) - (r - 1) = 2pi - k - r + 2, so 2n - 2 + k + r > 2pi
completing the proof.

The following result will be proven in the next section.

Proposition 1.7. If M c P(to, tx, ...) C At with the Bockstein filtration,
d(M) = 0.

The goal of this section is to study the right A module HV(m) which could

occur as the homology of a Smith-Toda complex V(m). We will show that the
A module structure is unique and isomorphic to the appropriate submodule of

A». The A module structure of submodules of A» is then noted.

Let [am] = {0, 1,... , am} and [-1] = (j>. For S c [am] write Qs =

Qh...Q'k where S = {ix---ik} and a'i < i2 < ■■■ < ik . Let H* be a left

A module which has as a basis all Qsu, S c [am] where \u\ = 0.

Lemma 2.1. There is a unique left A module structure on H*. With this struc-

ture ^u = 0 for each pure Steenrod operation ¿P1 with I ^ 0. Let HV(m) be

the vector space dual to H*. Then the image of HV(m) in At is the subalgebra

E(xo, ... , xm).

Proof. To see that &>lu = 0 for all 7^0 it suffices to prove that ^""u = 0 if

n > 0. If not, 3Ppnu = Qsu for S = {ix ■■■ ik} and consequently 2pn(p - 1) =

2(p'< H-\-p'k) - k . Since ix < i2 < ■ ■ ■ < ik ,   ik > k - 1. Also k = 2t so we
get

t + Pn(p- l)=p" +---+p'k.

Studying the p-adic expansions of this equation one sees that t > p'k~x and

hence that k > 2pk~2 which implies that Ac = 2. Again looking at p-adic

expansions we see that this is impossible.

Now consider the left A module map A —> H* which sends 1 to u. This

is an epimorphism and determines a monomorphism HV(m) c A,.   Since
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^u = 0 for each pure Steenrod operation P1, HV(m) ç E(xo, xx, ...).

For dimensional reasons HV(m) = E(xo, ... , xm). Consequently the right A

module structure on HV(m) is determined.
Our task now is to clarify the A module structure on P(t0 , ... ). To this

end we define some notation. For S — {ix, ... , ik} write x$ = T/, •••tik if

i'i <i2<---<ik. Let S» = {/+1|/€S} and (S, T) = (S-T')UT if V C S.
Let

x(S,T) = íT{S'T)   if(S-P')nP = ¿,

\ 0 otherwise

(this implies that x(S, T) = ±xs-t'T:t) ■ Now write \S\ for the number Ac of

elements in S and put ps = p'[ H-h p'k and p* = 0. Thus p • pT' — P7".

In evaluating the right A module action it is important to observe that the

following unusual Cartan formula for the Bockstein [BK, 11.2]

Proposition 2.2.

(xy)ß = (xß)y + (-l)^x(yß).

TSß
x(S-{0})   ifOeS,

0 j/0 g S,

xs& '-{ x(S,T)   ifn=pT,

0 otherwise, n ^ 0.

Proof. Since x,ß = 0 except when i = 0 and xoß = 1 the Cartan formula

gives the first equation. Since x^" - ex¡-X where e = 1 if n = p'~x and

e = 0 otherwise, an application of the Cartan formula to xs shows that this is

only nonzero when A3 is a sum of distinct powers of p and Xs¿Pp i1 0 only if

V c S. In this case each element in S n V is decreased by one. The resulting

sequence is still in numerical order although there may be repetitions, in which

case that term is 0. This happens precisely when (S - V) n P ^ 4>, in which

case x(S, T) = 0.

Proof of Proposition 1.7. If xs3°n ¿ 0, n = pT and V c S. Thus 2np-k-r =
2pr - \S\ - (2ps - \S\) = 2(pr -ps)<0.

Finally we describe M(2az - 1) in case M = E(xo, ... , xm) in complete

detail for future reference.

Proposition 2.3. Let A(m)(2«-1) be the subspace of E(xo, ... , rm)®A defined

by

A(m)(2n-l)=  Yi xs®A(2n-l+2ps).
SC[m]

Then A(m)(2n - 1) is a subcomplex for n > 1 with differential given by the

formula

r3(TS®A/) = (-l)151   Y  T(S> T)®XpTV

T'CS
TH>

+    Y    *{S-{0},T)®pPTV + {-l)WTs®dv
[oyuT'cs
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for S C [am] and v £ A(2n - 1 + 2ps). Note that A(_1)(2« - 1) = A(2« - 1).

It is also interesting, in the light of [HM] to consider the submodule of A*

dual to A\. (A\)t has a unique A module structure and has a Zp basis

consisting of x^'x]2^ where 0 < e, < 1 and 0 < ac <p-l. Using the Bockstein

filtration we easily get d((Ax)t) = q and consequently there are subcomplexes

,4i(2aj-1) of (Ax)t<èA for each n>p. Furthermore F(n+l) c Ax(2np2-l) c

F(n + 1) where P(az + 1) and F(n + 1) are the complexes defined in [HM].

Ax(2n - 1) is the same form as the Bousfield-Kan construction on a space X

filtered by subspaces Vx(2n - 1) = X0 c Xx c X2 c Xp-\ with fibrations
Xj-X -» Xi -+ V(X)(2n + iq - 1). (See [G] for notation.)

3

We begin this section by analyzing the Hopf invariants in the A algebra. We

will prove some technical lemmas about their behavior on composites general-

izing to odd primes a result of Singer [S]. We will use these results to define

Hopf invariants for A(m).

Let us recall the definition.

Definition 3.1. Let v £ A(2n + 1). By expanding in terms of admissible mono-

mials, there is a unique expression

v = vx + pnv2 + Ànv3

with vx £ A(2aî - 1), v2 £ A(2np + 1), and v-$ £ A(2np - 1). If n = 0,
vx = vt, — 0. We write Hn(v) = v2 and H'n(v) = v3. This defines maps of

degree -nq and —(nq- 1) respectively.

A(2az + 1) -^ A(2np + 1),    A(2« + 1) -^ A(2np - 1).

v\ is completely determined by the formula vx = v — ßnHn(v) — XnH'n(v).

Lemma 3.2. Hn is a chain map while H'nd = -dH'n - poH„. Consequently

there are short exact sequences of chain complexes:

H:    0   -    A(2aî) ^   A(2n + l)   ^   A(2np + 1)    -♦   0,

//':   0   ->   A(2aa-1)    -^      A(2n)      ^   A(2np - I)   -+    0.

Proof. Differentiate the formula in 3.1.

The Harper-Miller result (1.6) allows us to define homomorphisms via left

composition:

A(2aî+1)    ^   A(2n-kq+l)   if kp<n,

A(2n + l)   %   A(2n-kq-l)   ifkp + l<n.

Proposition 3.3. Suppose v £ A(2n + 1). If kp < n we have

(a) H„_k(p_x)(Xkv) = XkpHn(v),

(b) H'n-k(p-\)(kkv) = £ - PkpHn(v) - XkpH'n(v) where

J 0    ifkp < n,
\ v   ifkp = n.

If kp + 1 < n we have
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(c) H'n_k(p_X)_x(pkv) = Q,

(d) Hn_k(p_x)_x(pkv) = e - pkp+xHn(v) - Xkp+xH'n(v) where

J 0    ifkp + 1 < n,

\ v   ifkp + 1 = n.

Each of these results can be expressed, somewhat more conceptually, as a

commutative diagram. For example, a) can be written

A(2n+l)      -^    A(2n-kq+l)

i    Un i    Hn-k(p-\)

A(2np +1)   ^   A(2np -kpq+l).

Proof. We consider first the cases (a) and (b). Write v = vx + pnv2 + Xnv$ as

in 3.1 and consider the composition.

Xkv = Xkvx +Xkpnv2 + XkXnVT, £ A(2n - kq + 1).

We look at the last term first. XkX„ is expressible as a sum of terms of the form

Xn_k(P_X)_jXkp+j with j < n-kp . If the inequalities in 1.6 are satisfied we can

write

K-k(p-\)-jhp+jVz e Xn_k(:p^X)^jXkp+jA(2np - 1)

C Xn_k(p-X)-jA(2np - (kp + j)q - 1)

cA(2n-kq- 1).

Such terms do not contribute to either Hopf invariant. The requisite inequalities

are:

(1) 2(kp + j)p < 2np - 1 which holds since j < n - kp
(2) 2(n - k(p - 1) - j) < 2np - (kp + j)q - 1 which holds when j > 1.

The term with j = 0 has coefficient -1, so XkXnv-x, = -Xn_k^p-X)Xkpv-i, (mod-

ulo A(2az -kq-l)). Similarly we may write pkp„ as a sum of terms of either

the form Xn_k(p_x)_jppk+j or pn_k{p_x)_jXpk+j with j < n - kp. Asimilar

analysis shows that the only terms not in A(2« - kq - 1) correspond to j - 0.

Suppose now that kp < n . Then Xkpnv2 = (-Xn_k(p_x)pkp- pn_k{p_x)Xkp)v2

(modulo A(2az - kq - 1)). Also Xkvx £ A(2n -kq-l) by 1.6. We then have

XkV = -Xn-k(p-X)(pkpV2 + XkpV-s) + Pn-k(p-\)XkpV2

modulo A(2n-kq-1). This completes the proof of (a) and (b) in case kp < n .

If kp = n , Xkv = Xkvx + pkXkpv2 since XkXkp = 0 and Xkpkp = pkXkp . Thus

Hk(Xkv) = XkpHkp(v) and H'k(Xkv) = vx = v - XkpH'kp(v) - pkpHkp(v).

The cases of (c) and (d) are similar. If n > kp + I,

PkV = -pn-k(p-X)-Xpkp+xv2 - pn_k{p_X)^xXkp+xi^3    (modulo A(2az - kq - 3)).

If n = kp + 1, pkv = pkvx since pkPkP+\ = 0 = pkXkp+x so Hk(pkv) = vx =

v - pnHn(v) - XnH'n(v).

At this point we will introduce intermediate complexes A(OT)(2«) for n > 0,

am > 0. These correspond to the "even spheres" in the EHP filtration. First set

[ 2, AM &S,

and then
A(m)(2Az)=  Y rs®M2n-l+2ps + em(S)).

SC[m]
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Lemma 3.4. Each of the modules on the left are subcomplexes of the complexes

on the right

A(m)(2n + 1) -U A(m+1)(2« + 1),

A(m)(2n)^A{m)(2n+l),

A{m)(2n- 1) -±> A{m)(2n),

A(m)(2AA+ 1) -£+ A(m+1)(2n).

Proo/. Since i = ixi3 we need only consider the last three cases. By definition,

they are all submodules. It remains to show that A^m->(2n) is closed under d .

Suppose first that em(S) = 2, and d(x$ <8> u) = Yl t(i) ® v¡ ■ Then em(x(i)) = 2

so this case is clear. The case em(S) = 0 is obvious in case n > 1. Consider

then the case n = 0 and em(S) = 0. Referring to the proof of 1.7, we see that

the problem terms correspond to V = S or {0} UT' = S and m £ (S, T) (or

am £ (S - {0}, T)). This cannot occur.

These complexes will play a crucial role in the EHP development of the next

section. For T5 ® v £ A{m)(2n + 1) define a function (p(xs ® v) by

(p(xs®v) = (-l)^{xs,®H'n+pS(v)} + x({0}uS')®Hn+ps(v).

Theorem 3.5. If n > 0, cp defines a chain map (in the graded sense) of degree

-(nq-l):

A{m)(2n + I)-^ A{m+X)(2np - I)

with (p(A(m)(2n)) c A(m)(2np - 1).
If n — 0, (p defines a degree 1 map

A(m)(l) —A(m+i)(0)

with (p(A)(m)(Q)) c A(m)(0) such that (pd + dtp = 13, in positive dimensions.

Corollary 3.6.  A(m)(0) is acyclic. That is,

Pir(A(w)(0)) = |^'
r = 0,

r>0.

Proof of Corollary 3.6. Let D = C»|A(m)(0) • Then q>D + Dtp = 1 - n where n is

augmentation.

Proof of Theorem 3.5.

H'n+ps(u) £ A(2np - 1 + 2ps')   and   Hn+pS(v) £ A(2np - 1 + 2ps'u^).

These integers are positive if n > 0 so tp is a well-defined homomorphism in

this case. In case n = 0 the only difficulty occurs when S = 4>. In this case
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It is left to evaluate tpd and dtp .

<p(d(xs €)«/))= Y r(S, T)'®H'n+p(S,T)(XpTv)

T'CS
T¿<¡>

+ (-l)151 £ t({0}U(S, T)')®Hn+p[s,T)(XpTv)

T'CS
T¿4>

+ (-1)1*1-«     J2    T(S-{0},T)'®H'n+p(S_m,T)(ppTv)
{0}uT'CS

+    Y    r({0}U(S-{0},T)')®Hn+p{S-m.r)(ppru)

{0}UT'CS

+ *s> ® K+pS(du) + (-1)|5|t({0} U S') ® Hn+pS(dv).

Now assume n > 1 and apply 3.3 with n + ps for « and pT for Ac. This

gives

cp(d(xs®v))= Y <S, T)'®(-ppT,Hn+pS(u)-XpT>Hn+ps(v))

T'CS
T¿4>

+ (-l)151 E ^({°}u(5' T)')®kpT,Hn+pS(v)
T'CS

+     Y    r({0}U(S-{0},T)')
{0}UT'CS

® {-HpT'+\Hn+AV) - kpT'+iHn+Psiy))

+ Ts> ® #^(0") + (-1)|5|t({0} U 5') ® Hn+pS(dv).

In case « = 0 we must exclude the terms from the first and third sum in

which T = S  ({0} UT' = S) and add xs ® vx .
We now collect terms using

x(S' w) = iz{S'TY if w = r,
'     \ x({0} U(S- {0}, T)')    ifW = {0} U V

to obtain

<p(d(xs®v))= Y <&, W)®(-pp„Hn+pS(v)-XpWH'n+pS(v))

wcs

+(-l)|S| Y T(W u (S' ^»V^Wi") - *s>®dH'H+pS(v)
T'CS
T¿<t>

+ (-1)|S|T({0} U S') ® dHn+pS(u) - xs, ® PoHn+pS(v).
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On the other hand,

d((p(xs ® v)) = (-l)^d(xs, ® H'n+pS(v)) + 9(r({0} U S') ® Hn+ps(v))

= Y *(S', T) ® XprH'n+pS(v) + xs, ® dH'n+pS(v)
TCS
T¿4>

+ (-l)W+xY*(S'U{0},T)®XprHn+ps(v)

TCS

+ Y<S',T)®pprHn+ps(u)
TCS

+ (-l)W+xx({0}öS')®dHn+ps(v).

These are clearly equal with the opposite sign. Thus tpd = -dtp when n > 1 .

When n = 0 all the terms of <pd + dtp cancel except those corresponding to

W = S in tpd and T = S in the first and fourth terms of d<p . The resulting

sum is

xs ® v\ + xs ® XpsH'pS(v) + xs® PpsHpS(v)

which is Ts ® v .

Theorem 3.7. If n > 1 f/îere « an exact sequence of chain complexes

E2 : 0 - A(m)(2n - 1) -£ A(m)(2Az + 1) -^ A{m+X)(2np - 1) -+ 0.

Proo/ Clearly P2 is 1-1 and p • P2 = 0. If ç»(£ts, ® "¿) = 0, Hn+pS,(vi) =

0 = /P   S/(i//) since the elements {t^ , t({0} US'-)} are independent.  Thus

each Vi is a double suspension and Y xsi ® ̂ ¡ is in the image of E2 . Since tp

is clearly onto we are done.

4

In this section we will describe the EHP sequences and the Cohen-Moore-

Neisendorfer exact sequences. In all there are five interlocking short exact se-

quences of chain complexes giving five long exact sequences in homology. These

are direct analogues of geometric fibrations proposed in [G],

Proposition 4.1. There are short exact sequences:

CMN:     0   -   A{m)(2n + l)   -U A(m+1)(2« + 1)

H   A(m)(2n + 2pm+x + l)   -+   0,

RCMN:   0   -   A(w)(2n + 1)   4        A{m+X)(2n)
H   A{m)(2n + 2pm+x-l)   -    0

where n > 0 and nm has degree 2pm+x - 1 such that the diagram

0 - A(m)(2n - 1) -U A(m+X)(2n - 1) h A[m)(2n + 2pm+x - 1) - 0

I E2 I   E ||

0 - A(m)(2« + 1) -Ü A(w+1)(2az)        H A(m)(2n + 2pm+x -1)^0

II ï  e Ï  E2

0 -» A(m)(2n + 1) \ A{m+X)(2n + 1) *5 A(m)(2« + 2pm+x + 1) - 0

COAMAMMíeS.
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Proof. Define

,      f(-l)|r|Tr®^    lfS=PU{AM+l},

I. 0 if AM + 1 0 S.

All of the assertions are easy to check.

Proposition 4.2. There are short exact EHP sequences:

H : 0 - A(w)(2n)       £ A(m)(2n + 1) 5 A(m)(2Azp + 2pm+' - 1)  - 0

#': 0-+A(w)(2n - 1) £ A(m)(2n)       ^A(m)(2«p-1) -0

w/jere // úíaíí/ P/' have degrees -(2pm+x + nq - 2) and -(nq- 1) respectively.

Furthermore the diagrams:

0 0

1 I
0 -,    A(m)(2AA - 1) -!♦ A(w+1)(2az - 1) 2? A(m)(2Ai + 2/>»I+1> - 1) -» 0

I e2 I £ ||

(I)     0-    A{m)(2n + l) £     A(m+X)(2n)     yA A(m)(2n + 2pm+x - 1) - 0

if. I " '
A(m+1)(2A2p - 1) = A{m+X)(2np - 1)

I I
0 0

(II)
0 0

I 1
0->A(w)(2az+1)^ A{m+X)(2n) H    A(m)(2n + 2pm+x - 1)    -0

II I e ÏE2

0 - A(m)(2Az + 1) -U        A{m+X)(2n + l) -»   A{m)(2n + 2pm+x + I)    ^0
Ie }<p

A(m+X)(2np + 2pm+2 - 1) = A{m+X)(2np + 2pm+2 - 1)

1 I
0                                         0

(III)
0 0

I I

0-A(w)(2«-l)^ A(w)(2«) £        A(m)(2«/A-1)        -0
II U I

0 - A(m)(2« - 1) £ A(m)(2Ai+l) £      A(M+1)(2»p-1)      -0

i« iy»
A{m)(2np + 2pm+x - 1) = A(m)(2A2p + 2pm+x - 1)

i i
0 0

Proof.  H' = ç>\Aim)(2n) (see 3.5), // = ym+x(p„ . All of the assertions are easy
to check.

The EHP sequences easily give an EHP spectral sequence with an almost

inductive procedure for computing, in the usual way. Corollary 3.6 calculates

//*(A(m)(0)) which allows one to start an inductive calculation. One simple
consequence of 4.2 and 3.6 is
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Corollary 4.3. H : A(m)(l) —> A(m)(2pm - 1) is a chain equivalence, where

A(w)(l) is the connected cover (augmentation ideal) of A(m)(l).

Applying this to (II) with n = 0 we get

Corollary 4.4. There is a chain equivalence:

A(m)(2/>m+1 + I) ~ A{m)(2pm+X - l)®A{m+x)(2pm+2-l).

Restricting with (II) or (III) we get

Corollary 4.5. There is a chain equivalence

A(m)(2pm+X) ~ A{m)(2pm+X - 1) e A{m)(2pm+2 - 1).

See also (6.9).

Finally from (II) we get

Corollary 4.6. The inclusion A(m)(l) —> A(m+1)(l) is null homotopic.

5

In this section we will examine periodicity in this context. The connecting

homomorphism from CMN (see 4.1) represents a compressed version of a

vm+x self-map. We wish to represent this as a chain map. For simplicity we

replace am by am - 1.

Proposition 5.1. Suppose n > pm . Then there are chain maps of degree qm -
2pm -2

vm : A{m_X)(2n + 1) -> A(m_l)(2n - 2pm + 1) c A{m_X)(2n + 1)

compatible for various n and inducing in homology the connecting homomor-

phism from 4.1.

Proof. A splitting of CNM from 4.1 is given as follows (with n decreased by
pm-l):

e : A(m_X)(2n + 1) - A(m)(2« - 2pm + 1)

where e(xs ® v) — (-l)\s\x(S U {am}) ®v . e is not a chain map, but ye = 1

and dy — -yd (since y has odd degree). In such a situation y(de + ed) = 0

so we may pull ed + de to A(m_X)(2n-2pm + 1). An explicit formula is easily

obtained; viz.:

W/n(T5®^)=   -  Y  T((S> r)U{^- l})®XpT+pm-XU

T'CS

+ (-l)M     Y    r((S-{0},T)U{m-l})®PpT+pm-¡u

{0}UT'CS

if am > 1 . Vo : A(_i)(2/i + 1) -> A(_i)(2aj - 1) is given by left multiplication by
Po. These formulas are independent of n and hence compatible for various

n.
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Corollary 5.2. Let v~x A^m_x-)(2n + 1) be the telescope of the chain map

vm : A(m_x)(2n + 1) -» A(m_1)(2« + 1).

E2
Then the suspension A(OT_i)(2n - 1) —> A(m_t)(2n + 1) induces an isomorphism:

v-xA{m_x)(2n - 1) -5* vmxA{m_X)(2n + 1)   for n > 1

oajú? /Pe resulting periodic chain complex is isomorphic with v~x(HV(m-l)®A).

Theorem 5.3. If n > pm there is a commutative diagram:

A(m_1)(2/n- 1) -^     A(m)(2/i/a - 1)

I   v„ i   vm+,

A{m.l)(2n+l-2pm)   -t   A(m)(2(/i-p*)p-l).

Pn case n = pm we have vm+x(ppm - <p0vm = e : A{m_x)(2n + 1) -> A(w)(l)

(see 5.1).

Proo/. We calculate using the formulas of 3.5 and 5.1.

<Pn-p»Vm(xS®v) = (-l)lSl  Y T(S> T)''<:m®H'n_pm+p{s,T)+pm-,(XpT+pm-^)

T'CS

—   Y,   T0T{S ■>   T) Xm® Hn_pm+p(S,T)+pm-\(XpT+pm-\V)

T'CS

+       £       T(S-{0}, T),Tm®H'H_pm+piS-m.r)+pm-i(ppT+pm-iV)

{0}UT'CS

+ (_l)l*l     Y    x0x(S-{0},T)'xm

{0}UT'CS

® fin_pm+p(S-{li} . T)+pm-\ (ppT+pm- I v)

using 3.3, in case n > pm this reduces to

(-1)1*1 Y T((S> T)'u{m})®(-ppr+pmHn+pS(v)-XpT,+pmH'n+pS(v))
T'CS

- Y *({0}U(S, T)'yj{m})®XpT,+pmHn+pS(v)
T'CS

+ (-l)151     Y     t({0}U(S-{0},P)'U{am})
{0}urc5

® (-PpT'+pm+xHn+ps(v) - XpTi+pm+lH'n+pS(i/))

= (-l)l*l+i Y <(S',T)ö {m}) ®XpT+paH'H+pS(v)
TCS

- Y *((S' U {0}, P) U {m})®XpT+pmHn+ps(v)
TCS

+ (-lfl+'E^'   T)U{m})®ppT+p„Hn+ps(v)
TCS

= vm+xtp(xs ® v).

In case  n = pm, the reduction of (Pn-pm^m(^s ® v)  differs in the first

and fourth terms.   The terms corresponding to  V = S and {0} U V = S
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reduce to (-1)1*1 t(5U {am}) ® vx . The corresponding terms in the expansion of

vm+xtp(xs ®u) are in the first and third sums with T = S. They yield

(-1)I*I + 1T(.S U {AM}) ® Xn+psH'n+pS(u) + X(S U {AM}) ® Pn+psHn+ps(v) .

Thus <Pn-p»<vm(xs®v)-vm+x<p(xs®v) = (-l)^x(Su{m})®p = e(xs®u) by

3.1.

6

In this section we show that there is a unique way to make A(m) into a

differential algebra. Unstably this multiplication exactly reflects the composition

theory in [G].
We give A(W) a bigrading by letting the s grading of xs ® v be the usual s

grading of v £ A. Thus the boundary raises s by 1.

Theorem 6.1. Suppose A(m) is a bigraded differential algebra such that A(m_i)

is a subalgebra for am > 0 and if s = 0 A(m) reduces to E(xq, ... ,xm). Then

the following formulas determine the multiplication:

XnX0 = X0Xn + p„ ,       pnXo = XoPn,

X„Xi = — T,A„ — Xj-XXn+p¡-\ , I > 0,

pnXi = Xipn + x^xpn+pi-,, i>0.

Proof. The general method of proof will be to expand X„ t, and differentiate the

expansion. Using induction we then calculate the coefficients of the resulting

over determined system. In some cases various terms in the expansion will be

cycles (e.g. xkXpk), at which point the inductive step will need to be augmented.

Write Xnxo = anxoXn + bnp„ . Here the right-hand side is a general term of

A(0) with 5=1. Differentiate this equation with n = 1 to obtain bx = 1 .

Differentiate this with n = 2 and substitute in from the first equation to obtain

b2 = 1 and ax = a2 = -1. Now apply induction after differentiating the

general equation to conclude an — -1 and bn = 1 . Expand 0 — X„Xq to obtain

finXo = XoPn for n > 0. For n = 0 differentiate 0 = t2, .
For an element in A(m) we will speak of the polynomial degree to mean the

degree in the t, 's. We claim now that Xnxm , when expanded, contains no terms

of polynomial degree greater than one. This is proved by double induction on

n and am . By induction, the expansion of (dXn)xm has degree one so the same

is true for d(X„xm). Thus X„xm can have no term of degree bigger than 2 and

the only possible degree 2 terms are x¡xkpk where vk £ A is a cycle with s = 1.

Thus vk = Xpi and the stem degree of XiX¡vk is congruent to 1 mod q . Since

the stem degree of X„xm is congruent to 0 mod q , such terms cannot occur.

Now write Xnx\ = anpn+x +bnxoXn+x +cnxxXn . In case n = 1 we differentiate

to obtain ax = 0 and b\ = C\ — — 1. Now apply a„TiTo = -A„TnTi to obtain

pnxx — -bnxoPn+\ - c„xxpn . By induction assume a„ = 0 and bn = cn = -I .

Calculate 0 = X„x2 to obtain an+x = 0 and cn+x = -1. Now differentiate and

look at the terms of polynomial degree 0 to obtain bn+x = 0. Use XnxxXo =

-X„xoxx to obtain pnxx = x0pn+x + xxp„ for n > 0. The case n = 0 follows

by differentiating Tnii = — Tito •

We will simplify the general case by introducing derivations (pm(x) = [xm, x]

= xmx - (-l)l*l;>CTm . We have (pm((f>m(x)) = 0 and 4>m((pn(x)) = -(pn((pm(x)).
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Our calculations give MPn) = 0,  <t>o(X„) = pn,  (j>x(pn) = -x0Pn+\  and

01 (Xn) = -XoXn+l ■
Now differentiate xxxm = -xmxx to get 0 = Xo(Xxxm + xmXx+xm-XXpm-]+x) =

xo(<t>m(Xx) + xm-XXpm-,+x). Using 4>m((t>\(Xn)) = -4>\(<Pm(Xn)), <t>m(xi) = 0, and

induction on n we get 0 = xo((t>m(Xn) + Tm-iV-'+«) • Thus

4>m(Xn) — —Xm-\Xpm-\+n + a„XoXn+pm-\ + ...+p+x.

Assuming that am > 1, differentiating, and looking at the terms of polynomial

degree 0 we get 0 = anp0Xn+pm-,+...+x .  Thus a„ = 0.  Using (/>o(<t>m(¿n)) =

-<t>m(<t>o(Xn))  We get  (pm(p„) = -Xm-lßn+pm-l .

We have next to show that the equations of 6.1 give A(m) the structure of an

associative algebra. This will be done inductively using the following

Lemma 6.2. Peí Y be a graded differetnial algebra and </> : T —► T be a derivation

of odd degree with 4>2 = 0. Then there is a differential algebra F which is a

free right T module with basis 1 and x, and (¡> extends to a derivation </>' and

F by the formula [x, y] = <p(y).

Proof. Use the formula xy - (-l)^yx + 4>(y) to define a multiplication extend-

ing the right r module structure. Thus

(a + xb)(c + xd) = (ac - (-l)^(j>(a)d) + x(bc + (-Ipad - (-l)b(p(b)d).

Associativity is an easy verification, and the unit of T, if it has one, is a two-
sided unit for F.

As a simple application we may let T = A and </> be the differential. We

will write Xo for x. This extends A to an associative algebra on X¡, and p¡
for all i > 0. The usual formulas for the differential are then converted into

the Adem relations, and it is a well-known observation that they then have the

same form for all i. Let us call this algebra PA.

We will extend PA(m) to PA(m+i) by induction using 6.2. As in 6.1 we

will need to consider the first two cases on their own right and then use general
considerations to complete the inductive step.

Thus to construct PA(o), we need to construct a derivation </>o of PA con-
sistent with 6.1. To do this we must show that if we define 4>o by <po(Xn) — p„ ,

<fro(Pn) = 0 and 4>o(ab) — (¡>o(a)b + (-l)^a(po(b), this defines a derivation of
PA. We have precsribed an algorithm for calculation. We need to show that

the Adem relations are carried into relations by this algorithm. With the nota-

tion of [HM], there are four kinds of Adem relations labeled (1.7), (1.8), (1.9)
and (1.10). It is easy to see that (1.9) is carried to (1.10) and (1.10) is carried

to 0 = 0. Using the formula dkj = Ck-ij-i - ckj (in the notation of [HM]),
one sees that (1.8) is carried to (1.10). The same formula is used to show that

4>o carries (1.7) into (1.9) minus (1.8).
Thus PA(0) is an associative algebra. We write To for the introduced element

and thus have formulas X„xo — -XoXm + pn for all n > 0. In particular we

define d(x) = [Xo, x] as before and have dxo = po ■ Thus with this differential
we have recovered A(0).

We will prove by induction

Theorem 6.3. A(m) aaos the structure of a differential algebra using the formulas

of 6.1. If Xo is introduced, we have an algebra PA(w) with d(x) = [Xo, x].
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Proof. Having settled the case am = 0, we will assume, by induction that a

multiplication in A(m) is constructed satisfying 6.1. One can easily add An using

6.2 so we have PA(m) with d(x) = [Xq , x]. The induction will be complete if

we can find a derivation (f>m+x: PA(m) -> PA(m) with çWi(t,) = 0, <pm+x(X„) —

-xmXn+pm and (f>m+x(p„) = -xmXn+pm . Let Am be the quotient of the free

associative algebra generated by all Â,, p¡ for / > 0 and t, for 0 < a < am

modulo the relations:

(a) x2 = 0, XiXj = -XjXi

(b) XnXo = -X0X„ + pn ,   p„Xo = XoPn ,

(C)   XnX¡ = —XiAn — Xi-XAn+pi-, ,

(d)   pnX, = XiPn + T;_i/l„+p,-i ,

Now define a derivations p : Am —> Am of degree q and (pk : Am —► Am of

degree 2(pk - 1) for 0 < Ac < am + 1 by the rules:

<M¿n) = -Tfc-l^»+p*-l , A2>0,AC>0,

<t>k{Pn) = -tk-XPn+pk-x , A2>0,AC>0,

(j)o(X„)=pn,      (¡>o(Pn)=Q,      (¡>k(xi) = 0, AC>0,

p(Pn)=Pn+\,      P(Xn)=Xn+l,      p(Xj)=0.

It is straightforward to check that these are well defined. The following rela-

tions hold:

* (*) 4>k<f>i = -<f>i<f>k,   4>kP = p<t>k-

Since these homomorphisms are derivations, it is only necessary to check equal-

ity on the generators.

EA(m) is a quotient of Fm by the relations (1.7) to (1.10) of [HM]. These
derivations will define derivations of PA(m) if they preserve the two-sided ideal

generated by these relations. We have already observed that </>o is defined on

PA(m). The induction relies on

Lemma 6.4.  p defines a derivation PA(m) -> PA(m).

Continuing with the proof of 6.3 we note that all of the relations (1.7) and

(1.10) can be generated by repeated application of p and 4>o to XjXpi = 0 =

p¡Xpi+1 . Indeed applying p to X,Xp¡ = 0  Ac times yields

/ j (  s   I ̂ i+sXpi+k-s = 0.

Using induction one can then write XjXpi+k as a sum of admissible terms which

yields (1.7). In the same manner PiXpi+x = 0 leads to (1.9). Consequently we

only need to show that 4>k(XiXPi) = 0 = 4>k(piXPi+x). This is straightforward.

Proof of 6.4. Using (p0p = p<t>o reduces the calculation to (1.7) and (1.9). Con-
sider the relation (1.7):

X¡XPi+k = / ^k, jXj+k-jXpj+j•

Applying p and expanding Xi+xXpi+k , the formula reduces to

ck-pj-p    if k>p,

ckJ + ckJ_x-ck+Xj = \   1 ifp>Ac = ;,

0 if p > Ac > ;'.
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This is easy to verify. The same congruence is used wiih (1.9) so p extends to

a map of PA(OT).

Proposition 6.5. Suppose S = {ix, ... , ik}  with ix < i2 < ■■■ < ik.   Then

TS = T/, ■ • ■ Xlk .

Proof. Both sides of the equation have s nitrations 0 where there are no cycles

if S ± (j). So it suffices to show that both sides have the same differential.

Since the left-hand side is computed by 2.3 it suffices to compute the right side.

Suppose ix > 0. We then prove by induction on Ac , that

d(xil---xik) = (-l)k  Y ?(S,T)®XpT

T'es
T¿<p

in agreement with 2.3. The general case is obtained by calculating d(xoXs) with

0 i S.

The following theorem suggests the compositions contemplated in [G].

Theorem 6.6.  A{m)(n)aA(m)(n + a) C A{m)(n).

The proof will be based on

Lemma 6.7.

(a) xsA{m)(2n + 2ps+l)cA{m)(2n + l),

(b) if am 0 S, xsA{m)(2n + 2ps) c A(m)(2n),
(c) A(2aî + l)CTA(m)(2AA + o+l)c A{m)(2n + I),

(d) A(2n + l)aA{m)(2n + a) c A(m)(2n).

Proof of 6.6. Suppose n = 2k + 1. Then

A{m)(2k + l)aA{m)(2k + o + I)

c Y *sA(2k + 2ps + 1 )o-2Ps+\s\\m)(2k + o+l)

C Y T^(m) (2k + 2ps + 1 ) c A(m) (2k + 1 )

by (c) and (a). Suppose now that n = 2k . We then have

A(m)(2Ac)CTA(m)(2Ac + o) c Y zsA(2k - 1 + 2ps + €(S))a_2psMS\A{m)(2k + o).

We separate two cases. If 5 = {am} we get

xmA(2k - 1 + 2pm)a-2pm+xA(m)(2k + a)

C TmA(m)(2Ac - 1 + 2pm) C A(m)(2« - 1) c A(m)(2k)

by (c) and (a). If S ^ {am} . e(S) + \S\ > 2 and we apply (d) to conclude that

these terms are contained in

]Tr5A(w)(2fc-2 + 2/A*+ €(£)).

If m £ S, e(S) — 0 and this is contained in A(m)(2/c - 1) c A(m)(2Ac) by (a).
If am £ S, we apply (b) to see that such terms are contained in A(w)(2ac) .

For the proof of 6.7 we will need the following
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Lemma 6.8. For n > 0 and S c [am] we have

(a) ABTS = (-1)1*1 £r<cs*(S, P)W + £{0}u7.,c5r(S- {0}, i)//„+/

(b) /a„t5 = Er-cs^5' PK+pr .

Proo/. (a) reduces to 2.3 if n = 0. Apply /> aj times to prove (a). Apply </>0
to prove (b).

Proof of 6.7. (a) is immediate. To check (b) note that if am 0 S, e(S U T) =
e(P). We prove both (c) and (d) by induction on the 5 filtration in A. In case

s — 1 we must prove

XkA{m)(2n + kq - 1) c A(m)(2«),

XkA(m)(2n + kq) c A(M)(2«+ 1),

pkA(m)(2n + kq) C A(M)(2n),

pkA(m)(2n + kq+l)c A(m)(2n + 1).

Each of these are proven using 6.8. For example,

XkA(m)(2n + kq - l)c^A^T5A(2« + A:ö-r-2p*- 1)

C^î(5, T)Xk+prA(2n + kq + 2ps-l)

+ Y<S~ W . T)pk+prA(2n + kq + 2ps - 1).

Suppose S ¿ T'. Then Xk+pTA(2n + kq + 2ps - 1 ) c A(2aa + 2/?<*'7"> - 1)
by 1.6, so these terms are contained in A(m)(2Aj - 1) c A(m)(2«). If S = T,

Xk+prA(2n + kq + 2ps) c A(2« + 2pT) and T7-A(2aj + 2pT) c A(m)(2n) since
am ̂  T. A similar analysis applies to the second sum (where V c S - {0}).

We prove (c) and (d) together by induction. Suppose that they are both valid

for monomials of length < s and let v have length s where / is an admissible

sequence. We distinguish two cases.

Case 1. vj = XiVV £ A(2n + l)a . Let a' = \vp\ = a — iq + 1. Now i < n so
vv £ A(2ip - 1)CT c A(2n + iq - l)a . We can then use induction induction to

see that:

i//.A(m)(2;i-l-ifl-l-(T'- 1) c A(m)(2n + iq- I),

urA{m)(2n + iq + a') C A(m)(2« + iq).

Hence:

u¡A{m)(2n + o)c XiA(m)(2n + iq - 1) c A(m)(2w),

vjA[m)(2n + a + 1) c A,A(m)(2n + iq) c A(m)(2Ai + 1).

Case 2. u¡ = p¡v¡i £ A(2n + l)a. Let a' - \vv\ = a - iq. Since i < n,

up £ A(2ip + 1)„- c A(2aj + iq + IV . Again by induction,

urA{m)(2n + iq + a') C A(m)(2n + iq),

vrA(m)(2n + iq + a' + 1) c A(m)(2A? + iq + 1).

Then we get

i//A(OT)(2n + a) c PiA{m)(2n + iq) c A(m)(2n),

U[A{m)(2n + a + 1) c p¡A{m)(2n + iq + 1) c A{m)(2n + 1).

This completes the induction and establishes 6.7.



EHP SPECTRA AND PERIODICITY. II: A-ALGEBRA MODELS 635

One consequence of the existence of compositions is that elements of Hopf

invariant one produce splittings. This gives us the following generalization of
4.5.

Proposition 6.9. There is an isomorphism of chain complexes

A(m)(2pk)^A(m)(2pk-l)®A(m)(2pk+x-l).

Proof. Xpk £ A(2pk + 1) c A(m](2pk) is a cycle. If x £ A(m)(2pk+X - 1) then

XpkX £ A(m)(2pk) by 6.6. Thus we may define a chain map

n : A{m)(2pk+X - I)-+A(m)(2pk)

by n(x) = XpkX .

Now write x = Yscim] Tsl's with vs £ A(2pk+X + 2ps - 1). Then we expand

XpkX using 6.8a and observe that most terms are in A(m)(2p/c - 1). It is an easy

matter to see that H'k(n(x)) = tppk(n(x)) = x. Thus the sequence

H' : 0 - A(M)(2/ - 1) -> A(m)(2/) -» A(m)(2/+1 - 1) -» 0

splits.

Finally, we introduce a Bockstein homomorphism into Aim)(n). Define ßm

via the composites:

A(w)(2n + 1)    ^   A{m_x)(2n + 2pm + l)   -L»   A{m)(2n + 2pm + I)

Î   E Î   E2 Î   £3

A(m)(2«)       ^   A(M_1)(2/t-r2p'»-l)   -±   A(m)(2n + 2pm-2)

Theorem 6.10.  ßm is a derivation with ßm = 0, ßm+\<P — -<pßm and ßm4>m+x =
-P"     ■

Proof. As in the proof of 6.3, we construct a derivation ßm : Am -> Am by

ßm(tm) = 1 and for i < m ß(xt) = 0, ß(Xn) = ß(p„) - 0. One easily checks

that ßm = iym-X.

1

The complexes A(m)(n) have a unit 1 e A(n) c A(m)(n) and have their

gradings normalized so that the unit has dimension 0. We will call this the

stable grading . By way of contrast, the complexes in [BK] are graded according

to their unstable dimension. We wish to regrade the complexes A(m)(«). Since

they are not known to have a geometric analog, we seek an algebraic limitation

on the regrading that reflects geometric considerations. The composition pairing

of na(x) and na+z(S°) to na+T(x) suggests the following.

Definition 7.1. An unstable differential right A module (for short, unstable A

module) is a graded chain complex M — {Ma} of Zp vector spaces together

with pairings Ma ® A(ct)t —► Ma+T which are associative and satisfy am • 1 = am

and d(m • X) = d(m) • X + (~l)"m • dX for m £ Ma and X £ A(o).

Clearly the unstable cochain complex M®A of [BK] is an unstable A mod-
ule.   In fact, if we ignore the differential in M®A we see that it is the free
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unstable A module generated by the graded vector space M (in the sense of

adjointness).

Given an unstable A module M we can construct Q.M by (£lM)a - Ma+X.

This will again be an unstable A module if we define the A action as follows.

Write fix £ (ilM)a for the element corresponding to x £ Ma+X . Then define

a A module action by (fix)A = (—l)x^il(xX) and a derivation by d(£lx) =

£l(dx). Reversing this process (delooping) is in general, not possible. Let us

consider, for example, regrading A(«). We ask for which Ac is QkA(n) an

unstable A module,. For this we need A(n)m+k -A(m) c A(n) which by [HM;

1.17] requires m < n + m + k, i.e., k > -n. Thus fi~"A(Az) is a delooping

for A(m) . In general, £lkA(n) corresponds to Q.k+nS". If n + 1 ^ 2ps for

some s, Q.~n~xA(n) is not an unstable A module. To see this, note that if

it were, we could define 1 • Xn+X £ (fi_"_1A(«))(„+1)?_1 = A(rc)(„+9)_i with

d(l -Xn+X) = (-1)"+11 •d(Xn+x). Since d(Xn+x) ¿ 0 when n + 1 ¿ 2ps and
is not a boundary in A(ai) , this is impossible. Of course if n + 1 = 2ps,

A(a2 + 1) = A(«) e A(2pi+1 - 1) so this is best possible.

Let A(ai) be the augmentation ideal in A(w). The next lemma implies that

fi~/¡-1A(«) js a right A module. This suggests that the fiber of the map 5" Up,
en+x —> K(ZP , n) could be an H space (where p > 2).

Lemma 7.2.  A(/i)¿A(n + ¿+l)cA(«),

Proof. We show that v¡A(n + d + 1) c A(n) for u¡ £ A(n)d by induction on

the length of /. First note that

XkA(n + kq) c A(n)   if2k<n,

pkA(2m + kq + 2) c A(2am + 1 )   if Ac < am ,

pkA(2m + kq + I) c A(2m)   if Ac < am.

This handles the case s = 1. Suppose v¡ = Xkvv with 2k < n . Then we have

v¡A(n + d+ 1) cXkA(2kp- l)d_kq+lA(n + d + 1)

C XkA(n + kq - l)d_kq+xA(n + d + I)

C XkA(n + kq - 1) c A(aî).

On the other hand, suppose v¡ = pkv¡i with 2k + 1 <n . Then

i//A(m + d + l)c pkA(2kp + l)d_kqA(n + d + I)

C pkA(n + kq)d_kqA(n + d + 1)

c pkA(n + kq) c A(n).

In the last step we apply the case s = I.

We will call the delooping Çï~nA(n) the unstable grading for A(«) and dis-

tinguish it with the notation A(n). Thus A(n) — £lnA(n). We wish to consider

unstable gradings for the complexes Aim)(n). This should give us some insight

as to how far the spaces considered in [G] could be delooped.

We first examine the classical EHP sequences in this light.
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Definition 7.3. A map of unstable differential right A modules is a chain map

of degree 0 which preserves the A module action.

We now claim that the following are exact sequences in the category of un-

stable A modules:

0   -»   A(2«-l)    *       fiX(2«j      *   OA(2np-l)   -»   0,

0   -»      X(2ñ)       *    fiA(2«-i- 1)    "    fiA(2Azp + l)    ->    0.

Furthermore neither // or //' can be delooped. The only hard part is to show

that H and //' are maps of unstable A modules. This follows from the

Lemma 7.4. Suppose x £ A(2n)d and y £ A(2n + d), then H'n(xy) = H'n(x)y.

Suppose x £ A(2n + l)d and y £ A(2n + d + 1). Then H„(xy) = Hn(x)y.

Note: This actually implies that the compositions

A(2n) -» A(2«) £ A(2np - 1 )   and   A(2«~+ 1 ) -♦ A(2az + 1) -» A(2np + 1 )

are A module maps.

Proof. We only do the first case as the second is similar. Suppose first that

x £ A(2n - 1). Then by 7.2, xy £ A(2n - 1) so the equation holds. Now
the equation clearly holds when x - Xn so suppose that x = Xnv with v e

A(2np - l)d_nq+x ■ Then, by the lemma, vy £ A(2np - 1) so H'n(xy) - vy =

H'n(x)y.

We now ask, for which Ac is fi/cA(m)(n) an unstable A module?

Proposition 7.5. ÇlkA^m-)(n) is a right A module if k > -n, but not if k =
-n - 1 where n + 1 ^ 2ps or n + 2pm ^ 2ps for some s > 0.

Proof. Consider first QkAim)(2n +1). The composition pairing must be defined
on

[fi*A(w)(2« +l)]d® A(d) = A(m)(2n + l)d+k ® A(d)

= Y *sA(2n + 1 + 2ps)d+k_2ps+{sl ® A(d)

for which we need d <(2n + l+ 2ps) + (d + k-2ps + \S\) ; i.e., 2n+l + \S\>
-k. Thus 2« + 1 > -Ac is sufficient. To see the converse, look at the term

corresponding to S — (f>. In the other case we have:

[QkA(m)(2n)]d ® Aid) = A(m)(2«)¿+* ® A(d)

= Y *sA(2n -l + 2ps + em(S))d+k_2pS+lsl ® A(d)

and the requisite inequality is —k < 2n-l + \S\ + em(S). Since |5'|+em(5') > 1,

-k < 2« suffices. For the converse directions look at terms where S = {am} .

This result supports the delooping conjecture of [G]: that WP, deloops until

it is n - 1 connected, i.e., W.nm, — fim+l VP,. A particular case of importance

is the space W„ which is the fiber of the double suspension. This suggests that

W„ is a double loop space (at odd primes). At p = 2, the complex A(W„)

(see [M]) only supports one delooping of Wn precisely because the extra terms

in the boundary formula prevent it from being an unstable A module when
delooped once more.
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Theorem 7.5. There are exact sequences in the category of unstable A modules:

H
H    :    0    -»   A(m)(2«) *    í2A(m)(2« + l)     ^    nA(M)(2/ip + 2p«+i-l)    -.   0

//'
IT    :    0    -»   A(m)(2«-1)       A    nA(m)(2«) ^    i2A(m)(2/7p - 1) -.   0

-2 „ 1-=-TT £
£     :    0    -   A(m)(2«-1)      ^    n2A(m)(2«+l)    i    ÍÍA(m+1)(2«p - 1) -   0

CA/iV : 0   -   A(m)(2«+1)       -U    A(m+1)(2« + 1)     A    í2A(m)(2n + 2p™+> + 1)      ->   0

RCMN-.O   -»   í2A(m)(2«+l)    4    A(m+1)(2«) i    A(M)(2n+ 2/>»+i - 1) -   0

and a commutative diagram:

fi2A(m)(2Ai + 2p*+'-l)    —♦   fi2A(m)(2Az+l)

A(m)(2n + 2p™+x - 3)      —»      A(M)(2n - 1)

wAere í/ze horizontal maps are given by left composition with

vm+x(l) £ A{m)(k)k+2pm+,_2   fork>\.

Proof. Since it is clear that the various inclusions are A module maps, one can

reduce the question to checking y, vm+x , and tp . The first two are clear from

the definition, while the third follows from 7.3.

The exact sequences (*) actually split as right A modules (but not as chain

complexes); we have

fiA(2Ai+ 1) = A(2aî) e fiA(2«p + 1),

fiA(2«) = A(2az - 1) © fiA(2Aî/J - 1).

By iteration we get

oo

fiA(2« + l) = ®p„pnp...p„p,-,A(2npi),
;=0

oo

fiA(2«) = A(2m - l) 9 0UP-1 • ..iiiHp-\)piA.{2{np - l)pl).

;=0

In particular, fiA(2Az) and fiA(2«+l) are free right A modules; consequently

we have

Proposition 7.6. If M is a free right A modules, QM is also free.

It is possible to describe a basis for fiAf from a given basis {xQ} for M.

For each xQ with \xa\ - 2n + I, one takes xap„- ■■ pnpl-, for each i > 0.

For each xa with |xQ| = 2« one takes xa and xaX„pnp-X ■■■ P(np-i)p'-> for

each a > 0. These basis elements can also be described in terms of homology

operations. Using then notation of [C],

£lk+x(M®A) = JDk(Lk(M))®A.



EHP SPECTRA AND PERIODICITY. II: A-ALGEBRA MODELS 639

In particular, we have the isomorphism

A(m)(2n - 1) 2 Y n{SlM2n + 2pS-l)
SC[m]

as right A modules. This is then a free right A module and suggests that the

homology of the spaces V(m)(2n - 1) of [G] should be

(g) Ht(QlslS2n+2pS~x).

SC[m]

8

In this section we describe in some detail an EHP spectral sequences for

calculating ExtA(H*(V(m)) ; Zp) for -1 < am < oo. In the case am = -1

this method was used in [CGMM], and works just as well in the other cases. In

particular, for am = oo it simplifies and can be used to calculate the cohomology

of the subalgebra of the Steenrod algebra generated by the ¿?" , i > 0.

The results are purely organizational. The short exact sequences H and H'

give long exact sequences in homology and these fit together to form a spectral

sequence. The 5 grading in the A algebra gives a bigrading to A(TO)(«) and

hence the spectral sequence is trigraded. We lay out the stem dimension (u)
horizontally and the nitrations v > 0 vertically. We ignore s except when
calculating differentials. It can be read off the genealogical description for re-

assembly into an Adams diagram. Write Asd for the subspace of the A algebra

of elements of stem dimension d and monomial length 5. Webigrade A(m)(Az)

by AL)(W) - (Y,'Ts®As)r\A(m)(n). Then the differential in A(OT)(«) increases

s by 1.

Theorem 8.1. For each am > -1 there is a trigraded spectral sequence {sEruv}

with

(a) dr : sEruv —> s+xEru_x v_r,

(b) sEl2v=Hu^v+x(As{-l(2pv-l)),

sK,2v+i = Hu^v^m+l(A¡mx)(2pv + 2p^x - I)),

(c) Exts/(H*(V(m)), zp)-©~0 s£»,,

(d) Hu(AS(m)(v)) is the homology of the subspectral sequence with tEruv = 0

for t > s,
(e)

,   _ r Zp  ifu = s = o,
s  u'°~ I 0     otherwise.

The proof is straightforward. The case am = oo simplifies since half of the

P1 terms are missing.

Theorem 8.2. There is a trigraded spectral sequence {sEruv} with

(a) d :s Euv —> s+xEu_l^v_r,

(b) sExU:V = Hu_gv+x(A^\(2pv-l)),

(c) Exts/(H*(V(oo); Zp) S Ext^'(Zp, Zp) * ©~0 sEfîSJ where Pc A is

the subalgebra generated by the Steenrod pth powers,
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(d) Hu(A¡oo)(v)) = elosE^i,
(e)

Ei    = Í za>   ifu = s = 0,

°'"     \ 0     otherwise.

Calculation with these spectral sequences is greatly aided by the following

composition formula for Hopf invariants (see 7.4). Let A(ot)(m) be the aug-

mentation ideal.

Theorem 8.3. Suppose x £ A(m)(2n)d and y £ A(m)(2« + d) then H'n(xy) -

H'n(x)y. Suppose x £ A(m)(2n + I)d and y £ A{m)(2n+d+l). Then Hn(xy) =
H„(x)y.

Thus the Hopf invariant of a composition is always obtained by taking the

Hopf invariant of the first factor and multiplying by the second factor, provided

the first factor is of positive stem degree.

The proof of 8.3 is long but entirely analogous to that of 7.4. It is accom-

plished by showing first that (p(xy) = tp(x)i(y) for x G A(m)(2« + l)d and
y £ A(m)(2n + d + 1). The Hopf invariants are easily derived from tp . The

result is then seen to follow from the analog of 7.2; namely

A(m)(2n + l)dA(m)(2n + d + 2) c A(m)(2n + 1).

This is obtained by a modification of the analysis in §6.
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